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Abstract

This paper generalizes the gross exports accounting framework at the country
level, recently proposed by Koopman, Wang, and Wei (2014), to one that decomposes
gross trade flows (for both exports and imports) at the sector, bilateral, or bilateral sector
level. We overcome major technical challenges for such generalization by allocating
bilateral intermediate trade flows into their final destination of absorption. We also point
out two major shortcomings associated with the VAX ratio concept often used in the
literature and ways to overcome them. We present the dis-aggregated decomposition
results for bilateral sector level gross trade flows among 40 trading nations in 35 sectors

from 1995 to 2011 based on the WIOD database.
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1. Introduction

The paper aims to develop the first disaggregated accounting framework that
decomposes gross trade, at the sector, bilateral, and bilateral sector levels, into the sum of
various value added and double counted items. It generalizes all previous attempts in the
literature on this topic and corrects some conceptual errors. Importantly, it goes beyond
extracting value added exports from gross exports, and recovers additional useful
information about the structure of international production sharing at a disaggregated
level. Estimating value added exports can be accomplished by directly applying the
original Leontief (1936) insight, which does not require decomposing international
intermediate trade flows, and it has been successfully done in the literature. Recovering
additional information on the structure of international production sharing from official
statistics requires going beyond a simple application of the Leontief insight and finding a
way to decompose international intermediate trade itself into value added and double
counted terms at a disaggregated level, which has never been done (correctly) before in
the literature. The additional structural information can be used to develop a measure of a
sector’s position in an international production chain that also varies by country, and a
new and improved measure of revealed comparative advantage that takes into account
both offshoring and domestic production sharing. Of course, the list of possible
applications goes beyond these two examples. Finally, the paper produces several new
panel trade databases covering 40 economies and 35 sectors over 1995-2011 by applying
the disaggregated decomposition framework to the World Input-Output Database
(WIOD). While the paper does not directly investigate the causes or consequences of
patterns of international production sharing, the disaggregated accounting framework
developed in the paper and the new databases that are derived from the framework should

enrich the set of possible future research on these topics.

As more and more firms choose to offshore parts and services to suppliers in other
countries and organize production on a global scale, production segmentation across
national borders has become an important feature of contemporary world economy. An
active and growing literature has been devoted to measuring different aspects of such
cross-country production sharing phenomena including Feenstra (1998), Feenstra and

Hanson (1998), Feenstra and Jensen (2009), Hummels, Ishii, and Yi (2001), Yi (2003),



Daudin et al (2011), Johnson and Noguera (2012), Stehrer, Foster, and de Vries Lopez-
Gonzalez (2012), Antras (2013), Antras and Chor (2013), Antras et al (2012), Baldwain
and Lopez-Gonzalez (2013), Baldwain and Nicoud (2014), and Timmer, et. al (2013),
among others. The key concepts proposed in these papers include vertical specialization
(VS for short) or its variations such as VS1 and VS1*, and value added exports (VAX for
short) or VAX to gross export ratio. The precise relationships among these concepts are
established in a recent contribution by Koopman, Wang, and Wei (2014, subsequently
referred to as KWW). A collection of papers in the volume edited by Mattoo, Wang, and
Wei (2013) represents some of the latest thinking on the subject from both the scholarly
community and international policy institutions such as the World Trade Organization,

the OECD, the International Monetary Fund and the World Bank.

In a survey of work on quantifying global production sharing in recent years, Antras
(2013, Chapter 1, page 6) calls the value added exports to gross export ratio, or the VAX
ratio, as proposed by Johnson and Noguera (2012) — the “state of art” and “an appealing
inverse measure of the importance of vertical specialization in the world production.”
However, the VAX ratio concept has two shortcomings. First, as we will point out, the
VAX ratio, as currently defined in the literature, is not well behaved at either sector,
bilateral, or bilateral sector level'. The key to understanding this point is a distinction
between a forward-linkage based measure of value added exports, which includes indirect
exports of a sector’s value added via gross exports from other sectors of the same
exporting country, and a backward-linkage based measure of value added exports, which
is value added from all sectors of a given exporting country embodied in a given sector’s
gross exports. For example, a forward-linkage based measure of value added exports in
the US electronics sector includes that sector’s value added embodied in US gross exports
from automobile and chemical sectors, but excludes the value added contributions from
these sectors embodied in the gross exports of US electronics. In comparison, a
backward-linkage based measure of US value added embodied in US electronics exports
includes value added contributions from other US sectors such as services and

automobiles to the production of US electronics gross exports, but excludes the value

! The VAX ratio at these levels is not upper-bounded by one. Indeed, it can take on the value of infinity
when the gross exports are zero. An alternative measure that arises from our framework will be naturally
bounded between zero and one at any level of disaggregation.
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added contributions from the US electronics sector to the gross exports of other sectors
such as US automobiles. Such a distinction is critical to properly define the VAX ratio at
the sector, bilateral, or bilateral sector level (the VAX ratio cited in the literature is
forward-linkages based, so it is not well behaved), but the distinction disappears at the
country aggregate level (and hence the VAX ratio is only well behaved at this level). We
advocate using the ratio of a country-sector’s value added that is exported and stays
abroad as a measure of international production sharing. Such a measure is always
bounded between zero and 100% even at the bilateral, sector, or bilateral sector level.
Since most cross-country production sharing occurs at the bilateral-sector or country-
sector level, this may be a better “inverse measure of vertical specialization in the world
production” at the sector or bilateral level.

Second, the VAX ratio, even after it is properly re-defined, still does not capture
some of the important features of international production sharing. Let us consider a
hypothetical example: both the US and Chinese electronics exports to the world can have
an identical ratio of value added exports to gross exports (say, 50% for each) but for very
different reasons. In the Chinese case, the VAX ratio is 50% because half of the Chinese
gross exports reflect foreign value added (say value added from Japan, Korea, or even the
United States). In contrast, for the US exports, half of the gross exports are US value
added in intermediate goods that are used by other countries to produce goods that are
exported back to the United States. So only half of the US value added that is initially
exported is ultimately absorbed abroad; the US VAX ratio is 50% even if it does not use
any foreign value added in the production of its electronics exports. In this example,
China and the United States occupy very different positions on the global value chain but
the two countries’ VAX ratios would not reveal this important difference. To provide
such additional information, the decomposition framework we propose will go beyond

just simply extracting value added trade from gross trade statistics.

KWW (2014) have made the first effort in this direction by providing a unified
framework to decompose a country’s total gross exports into nine value-added and double
counted components. Conceptually, the nine components can be grouped into four
buckets. The first bucket gives a country’s value added exports that are absorbed abroad,

identical to “value added exports” as defined by Johnson and Noguera (2012). The



second bucket gives the part of a country’s domestic value added that is first exported but
eventually returned home. While it is not a part of a country's exports of value added that
stays abroad, it is a part of the exporting country's GDP. The third bucket is foreign value
added that is used in the production of a country’s exports and eventually absorbed by
other countries. The forth bucket consists of what KWW call “pure double counted
terms,” arising from intermediate goods that cross border multiple times. Some of the
terms in the fourth bucket double count value added originated in the home country,
while others double count value added originated in foreign countries. Other measures of
international production sharing in the existing literature such as VS, VSI1, VS1*, and
VAX ratio are shown to be some linear combinations of the terms in KWW’s

decomposition formula.

While the KWW method already has many useful applications, an important
limitation of the approach is that the gross trade decomposition is only done at the
aggregate level, not at the sector, bilateral, or bilateral sector level®. Major challenges
exist to generalize the framework in that direction. In producing exports in any given
sector, not only value added from other sectors in the same country will be used, but also
value added produced by potentially all sectors in other countries also need to be
accounted for. Such an accounting framework has never been developed in a consistent
and comprehensive way before, which is the goal of this paper.

Generalizing the KWW approach to the bilateral/sector level is not a trivial exercise;
it cannot be achieved by simply applying the KWW gross exports decomposition formula
to bilateral/sector level data. Conceptually, domestic value added can be decomposed
from both the producer (forward-linkage based) and the user’s perspectives (backward
linkage based). On one hand, domestic value added created in a home sector can be
exported indirectly through other sectors’ gross exports; on the other hand, domestic
value added that is embedded in a sector's gross exports can include value added from
other home sectors. These two concepts are obviously related but keeping track at the
bilateral and sector details is challenging. Mathematically, additional adjustment terms

have to be derived to properly account for other sectors/countries' value-added

? The calculation of domestic value added that is ultimately absorbed abroad can be done at the bilateral and
sector level. Indeed, some examples are given in KWW (2014). However, the computations of the other
three components that could sum to 100% bilateral/sector trade flows are not done in KWW.
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contributions to a given country-sector’s gross exports, in addition to properly measuring
how that country-sector’s value-added is used in its own intermediate and final goods
exports, so that all its value added and double counted components can sum to 100% of
gross exports at the bilateral-sector level. What makes the earlier work (KWW) at the
country aggregate level relatively easier is that the difference between the decomposition
from the producer and user’s perspectives disappears after aggregating to the economy-
wide level. A useful decomposition formula also has to have the property that all the
decomposition terms from the bilateral/sector level gross trade flows must be internally
consistent so that they can sum up to the decomposition equation given in KWW at the
aggregate level.

This paper’s main contribution is to provide a new and comprehensive
methodological framework that decomposes bilateral sector level gross trade flows into
various value-added and double counted terms. While it does not directly examine causes
and consequences of changing structure of cross country production sharing, reliable
measurements made possible by such an accounting methodology are necessary for
investigating these research questions. The second contribution of the paper is to generate
a new database on disaggregated bilateral, sector, and bilateral sector trade flows in both
value added and various double counted terms.

The paper is organized as follows. Section 2 presents a derivation of our
methodological framework, starting with two sectors and two and three country cases,
and ending with the most general model of G countries and N sectors. Section 3 reports
selected empirical decomposition results based on the World Input-Output Database
(WIOD) and discusses how bilateral/sector level gross trade accounting results may help
to measure international production sharing or a particular country/sector's position in

global production network. Section 4 provides some concluding remarks.

2. Concepts and Methodology
2.1 The Leontief insight and its limitations

All the decomposition methods in the recent vertical specialization and trade in
value added literatures are rooted in Leontief (1936). His work demonstrated that the

amount and type of intermediate inputs needed in the production of one unit of output can



be estimated based on the input-output (10) structures across countries and industries.
Using the linkages across industries and countries, gross output in all stages of production
that is needed to produce one unit of final goods can be traced. When the gross output
flows (endogenous in standard 10 model) associated with a particular level of final
demand (exogenous in standard 10 model) are known, value added production and trade
can be simply derived by multiplying these flows with the value added to gross output
ratio in each country/industry.

To better understand how Leontief insight is applied, let us assume a two-country
(home and foreign) world, in which each country produces goods in N differentiated
tradable industries. Goods in each sector can be consumed directly or used as
intermediate inputs, and each country exports both intermediate and final goods.

All gross output produced by Country s must be used as either an intermediate
good or a final good at home or abroad, or

XE=AX +YS S+ AX " +Y" 55=12 (1)
Where X is the Nx1 gross output vector of Country s, Y* is the Nx1 final demand vector
that gives demand in Country r for final goods produced in s, and A™ is the NxN IO
coefficient matrix, giving intermediate use in r of goods produced in s. The two-country

production and trade system can be written as an ICIO model in block matrix notation
X S ASS ASr X S Y SS Y Sr
= Ho @)
Xr ArS Afl’ X r YI'S +Y rr
After rearranging terms, we have

X® A= AT [y qye B® B¥|Y?®
e e
where B* denotes the NxN block matrix, commonly known as a Leontief inverse, which
is the total requirement matrix that gives the amount of gross output in producing
Country s required for a one-unit increase in final demand in Country r. Y®is an Nx1
vector that gives global use of s’ final goods, including domestic final goods sales Y* and
final goods exports Y*. The relationship expressed in (3) is the Leontief insight. The
intuition behind the expression is as follows: when $1 of export is produced, a first round
of value added is generated. This is the direct domestic value added induced by the $1

export. To produce that export, intermediate inputs have to be used. The production of



these intermediate inputs also generates value added. This is the second round or indirect
domestic value added induced by the $1 export. Such a process to generate indirect value
added continues and can be traced to additional rounds of production throughout the
economy, as intermediate inputs are used to produce other intermediate inputs. The total
domestic value added induced by the $1 export thus is equal to the sum of direct and all
rounds of indirect domestic value added generated from the $1 of export production
process. Expressing this process mathematically using the terms defined above, we have

DVS =V +VA+VAA+VAAA +...=V (I + A+ A> + A’ +..)

4
=V(I-A)*=VB )

It can be shown that the power series of matrix Ais convergent and the inverse matrix
B=(l — A)™" exists as long as A is in full rank (Miller and Jones, 2009).

Define V* as a 1xN direct value-added coefficient vector. Each element of V*
gives the share of direct domestic value added in total output. This is equal to one minus
the intermediate input share from all countries (including domestically produced
intermediates):

Ve =u[l - A* - A"] (5)
where u is a 1XN unity vector. When N=2, the corresponding inter-country input-output

(ICIO) account can be described by Table 1 below.
Table 1: 2-Country and 2-Sector ICIO Table

Intermediate Use Final Demand
Total
Country S R gross
S r
Y Y output
Country Sector sl s2 rl r2
‘ s1 z)y Z;5 2 z), Yi 12 X
52 5 255 5 25 ys 12 X;
o rl 2); 2); 24 2] 78 i X
r2 5 25, 244 23, 2 Yy X;
Value-added va va, va/ va,
Total input X; X5 Xy X,

Where Xx; is gross output of the 1¥ sector in Country s, va’ is direct value added of



the 1* sector in Country s, y;" is final goods produced by the 1* sector in Country s for

consumption in Country r, and 2] is intermediate goods produced in the 1% sector of

Country s and used for the 1* sector production in Country r. Other variables can be

interpreted similarly. Equations (2) and (3) can be re-written as follows:

] [ag a3 a an|x] [y@+ys

x| _|an an an an|x|, v+ o0
X\ | |as aloan an| x| | vy

xi ] |an an anm ap|x| [ve+yr

x| [1-a3 -ay -an  —ay | [y 4y

;| | -an l-ap -a;m  -anm | |yrevy

x\| | -at  -al 1-al —al | |yP ey

x;| | -an  -an  —an 1-an| |yEeyr »

by b by by |y Y
b by by by |y +Y;
by by by b vy
bii 0 by by flY Yy

where a;; is the direct IO coefficient that gives units of the intermediate goods
produced in the 1*' sector of Country s that are used in the production of one unit of gross
output in the 1% sector of Country r, b is the total IO coefficient that gives the total

amount of the gross output of 1* sector in Country s needed to produce an extra unit of
the 1% sector's final good in Country s (which is for consumption in both Countries s and

r). Other coefficients have similar economic interpretations.

The direct value added coefficient vector (equation 5) can be re-written as follows:
2 2
C c C SC rc H
Ve =val /xS =1- E Chl E al’ (c=s;r j=12). (5a)

Then we can define the total value added coefficient (VB) matrix, or the total value

added multiplier as named in the input-output literature:



SS SS sr Sr S| SS S| SS rwIs rars

bll b12 bll b12 Vl bll +V2b21 +Vl bll +V2 b21

SS SS sr Sr S|4 SS S| SS rars rars

VB _ [VS VS Vr VI’ b21 b22 b21 b22 _ Vl b12 +V2b22 +V1 b12 +V2 b22 (6)

I At 2 1 2 b® b b" bT o Vb Vb v b +v b
11 12 11 12 111 2~21 1™11 2~21

rs rs r r S|y SI S|y SI rKRiIr rarr

b21 b22 bZl b22 Vl blZ + VZ b22 + Vl blZ + VZ b22

where T denotes matrix transpose operation. Each element of the last term in VB equals

unity.
Condensing the final demand vector in (3a) as:
R A e A AR AR I VA R |

The decomposition of the country/sector level value-added and final goods

production as a direct application of the Leontief insight can be expressed as follows:

v 0 0 ofbs by by b3y 0 0 O

Jgy _| 0 Vi O O[b% b3 b b3)0 y; 0 0O
0 0 v Ofb} by by b0 0 y 0
0 0 0 wvyfby by by b0 0 0 N
vibyr  vibyy,  vibiyr o whiy;
_|Vaboiyr Vobyy, oDy Vabay,
vibiyr  vibhy,  vibiyr o wbhy;
Vobaryr VoY Vabaiyr o Vobaoys

This matrix gives the estimates of sector and country sources of value added in each
country's final goods production. Each element in the matrix represents the value added
from a source sector of a source country directly or indirectly used in the production of
final goods (absorbed in both the domestic and foreign markets) in the source country.
Looking at the matrix along the row yields the distribution of value added created from

one country/sector used across all countries/sectors. For example, the first element of the
first row, V:b (Y +y;") is value added created in Country s' 1¥ sector embodied in its

final goods production for both the 1* sector's domestic sales and exports. The second

element, V:bS(ys* +y5") is Country s' value added from the 1% sector embodied in its 2"

rs

sector’s final goods production. The third and fourth elements, v;b7 (y," +Yy;") and

r

Vb (y5 +ys') are Country s' value added from the 1% sector embodied in Country r’s



final goods production in its 1% and 2" sector respectively. Therefore, summing up the
first row of the matrix, we have Country s' total value added created by production factors
employed in its 1% sector. In other words, it equals GDP by industry of the 1* sector in
Country s. Expressing this mathematically,

va; or GDR® =vix; = vy (b Yy +b5y; +biyy +by3)

- ey vy ey iy ey vy ey evey]
Looking at the VBY matrix along a column yields the contributions of value added

from all countries/sectors to the final goods produced by a particular country/sector. For

example, the second element in the first column, v;b5i(y;* +Yy;'), is Country s' value

added created from the 2" sector embodied in Country s' production of its 1% sector's

SS Ss

final goods, and the third and fourth elements, v, b (y;° +y;") and v,by;(y," +V,")are
Country r's (foreign) value added embodied in Country s' production of its 1% sector's
final goods. Adding up all elements in the first column equals the total value of final
goods production by Country s' 1% sector, i.e:

(vbyy +Vv3by + vy +vibr)yr = yy ©)

In summary, the sum of the VBY matrix across columns along a row accounts for
how each country's domestic value-added originated in a particular sector is used by the
sector itself and all its downstream countries/sectors. It traces forward linkages across all

downstream countries/industries from a supply-side perspective. Since the sum of the

VBY matrix across the rows along a column accounts for all upstream countries/sectors’
value-added contributions to a specific country/sector’s final goods output, it traces
backward linkages across upstream countries/industries from a user’s perspective. Based
on the identity given by equation (6), all these sources should sum to 100% of the value
of the final products for any given country/sector.

Therefore, the supply-side perspective (summing across columns along a row)
decomposes how each country's GDP by industry is used, directly and indirectly to
satisfy domestic and foreign final demand, while the user-side perspective (summing
across rows along a column) decomposes a country/sector's final goods and services into
its original country/sector sources. As an example, in the electronics sector, the supply-

side perspective includes the value added created by production factors employed at the
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electronics sector and incorporated into the gross exports of electronics itself (direct
domestic value-added exports), as well as in the exports of computers, consumer
appliances, and automobiles (indirect domestic value-added exports). In other words, it
decomposes GDP (domestic value-added) by industries according to where (i.e., which
sector/country) it is used. Such a forward linkage perspective is consistent with the
literature on factor content of trade. On the other hand, decomposition from a user’s
perspective includes all upstream sectors/countries’ contributions to value added in a
specific sector/country’s exports. In the electronics sector, it includes value added in the
electronics sector itself as well as value added in inputs from all other upstream
sectors/countries (such as glass from country A, rubber from country B, transportation
and design from the home country) used to produce electronics for exports by the home
country (direct/indirect domestic value added in exports and foreign value-added in
exports). Such a backward linkage based perspective aligns well with case studies of
supply chains of specific sectors and products, as the iPod or iPhone examples frequently
cited in the literature.

These two different ways to decompose value added and final goods production
each have their own economic interpretations and thus different roles in economic
analysis. While they are equivalent in the aggregate due to the identity of global value-
added production equals global final demand?®, they are not equal at the sector, or bilateral
sector level.

After understanding how value added (GDP) and final goods production at the

sector level can be correctly decomposed based on the Leontief insight (equation (7) or

the VBY matrix), we can better understand various decomposition methods proposed in
the literature.

There are several attempts to estimate trade in value added and to decompose value
added and final goods production based on the Leontief insight and ICIO database in
recent years. Timmer et al (2013) decompose final goods production based on backward
linkages. For example, their method provides estimates on how much contribution an
unskilled worker employed in the Chinese steel industry makes to cars produced in

Germany, or how much contribution a skilled US worker in the electronics industry made

* See the proofs in equation (17) in Koopman, Wang and Wei (2014) and Appendix F of this paper.
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to a computer consumed by Chinese households. Johnson and Noguera (2012) estimate
value-added content of trade based on forward linkages. However, they did not recognize
that this forward linkage method would yield a VAX ratio concept that is not well defined
at the sector or bilateral level, because domestic value added from other domestic sectors
is not included in the forward linkage calculations, but are quantitatively important for a
typical country/sector. In addition, the VAX ratio as defined by Johnson and Noguera
(2012) at the sector level is not bounded by 100% for sectors with relatively small gross
exports. Indeed, the VAX ratio as defined this way could be infinite for sectors that do not
directly export. We will show that an alternative way of defining the VAX ratio based on
backward linkages could yield a concept that is bounded between zero and one even at
the sector, bilateral, and bilateral sector level.

In any case, if one is only interested in computing domestic value added embedded in
a country/sector’s gross exports that is ultimately absorbed abroad, applying the Leontief
insight is sufficient. However, as pointed out in the introduction, for many economic
applications, one needs to quantify other components of the gross exports at the sector,
bilateral, and bilateral sector levels. In such circumstances, the original Leontief insight is
not sufficient as it does not provide a way to decompose intermediate goods flows across
countries into various value added terms according to their final absorption as it does to
decompose sector-level value added and final goods production as illustrated by equation
(7).

In Leontief’s time from the1930s to the1960s, intermediate goods trade is relatively
unimportant. Today, it is about two thirds of the world gross trade. So being able to
decompose intermediate goods trade has become crucial in generating a complete value
added accounting of gross trade flows. KWW has made a useful step to perform such
decomposition at the country aggregate level. But as we pointed out earlier, it is not
necessary to keep track of forward and backward linkages across countries and industries
separately at that level, which makes the job easier. However, one has to confront such
technical challenges in decomposing gross trade flows at the sector, bilateral, or bilateral
sector level, which has to go beyond original Leontief insight as we will demonstrate in
details below.

For ease of understanding, we continue our discussion with the two-country, two-
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sector ICIO model specified above to illustrate the Leontief insight. We first lay out the
basic gross output and exports accounting identities at the sector level and then propose a
way to fully decompose a country’s gross exports into the sum of components that
include both the country’s domestic value added in exports and various double-counted
components. We then use a three-country, two-sector model to discuss what additional
components will be involved once third country effects are taken into account. Finally,
we present the G-country N-sector model briefly and highlight how our decomposition
formula in this most general case is different from that in the three-country two-sector
model. We also provide numerical example following our analytical model to show

intuitively how our accounting equation works.

2.2 Decompose intermediate and gross trade: the 2-country 2 Sector Case
The gross exports of Country s can be decomposed into two parts: final goods

exports and intermediate goods exports based on the following accounting identity:

e [ _[w], el e 0
er | "Ly | e an)x

As we have already shown in previous section that the final goods exports can be
easily decomposed into domestic and foreign value-added by directly applying the
Leontief insight. However, the decomposition of intermediate goods exports is more
complex. It cannot be achieved by simply multiplying the Leontief inverse with the gross
intermediate exports (which leads to double counting) because the latter has to be solved
from the ICIO models first for any given final demand level. To overcome this problem,
all intermediate goods trade needs to be expressed as different countries’ final demand
according to where they are absorbed before they can be consistently decomposed. This
1s what we are going to do next.

Based on equation (3a), the gross output of Country r can be decomposed into the

following four components according to where they are finally absorbed:
X' = {X{} _ {bfi bfi}{yfs + yfr}{bﬂ by }{VI’ + yf}
Xp | [bay by |y +yo | [bar by Yo +Yy (11)

{bﬁ bﬂ{yf} J{bﬂ bfé}{y{s} {bfi bf?}{yfs} {b{i bfi}{yfr}
by by ]lys | [0 Do V2| [ban b ]lys ] [P by Vs
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Insert equation (11) into the last term of equation (10), we can decompose Country s’

gross intermediate goods exports according to where they are absorbed as:

sr sr r sr sr rr s rr sr sr s rr rs
Asr x r_ |:all a'12 :||:Xl :| — |:a11 a'12 :||:bll b12 :||: yl :| + |:a'll a12 :||:b11 b12 :||:y1 :|
sr sr r sr sr rr rr rr sr sr rr rr rs
a21 a22 X2 a21 a22 b21 b22 y2 a21 a22 b21 b22 y2 (12)

sr sr rs rs ss sr sr rs rs sr

+ |:a11 a12 :||:b11 b12 :||:y1 :| + |:a11 a12 :||:b11 blz :||:y1 :|
sr sr rs rs ss sr sr rs rs sr
a21 a22 b21 b22 y2 a21 a‘22 bZl b22 y2

The first term in equation (12) is the part of Country s’ intermediate goods exports
used by Country r to produce domestic final goods that are eventually consumed in
Country r; the second term is the part of Country s’ intermediate goods exports to
Country r that are embedded in Country r’s final goods exports back to Country s; the
third term is the part of Country s’ intermediate goods exports that are used by Country r
to produce intermediate exports, shipped to and used by Country s to produce its
domestic consumed final goods; the last term is the part of country s’ intermediate goods
exports used by Country r to produce intermediate goods exports that are shipped to
Country s to produce final goods exports to Country r. These four terms collectively
decompose completely Country s’ intermediate exports according to where they are
finally absorbed.

From equation (2), the gross output production and use balance conditions, we know

Xr arr arr Xr arS arS XS rs rr
R M el MG
X2 a'21 a‘22 X2 a21 a22 X2 y2 y2

(13)
Sl it
Ay Ay | X Y, €,
Re-arranging terms:
r rr rr -1 rr rr rr -1 rs
{le|:|:1_ail _a12:| |:y1 :|+{1_a11 _a12:| |:el:| (14)
X | [ —an l-ap| Y, | [ —an 1-ay] &

Define:
Irr Irr 1—81” _airr -1

L" = [ 1rlr l|’2r:| ={ rrl fr} as the local Leontief inverse, then equation (14)
|21 |22 —ay 1- y,

can be re-written as
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Xr I rr I rr rr I r I rr ers
e R 19
X2 I21 |22 y2 |21 |22 eZ
Insert equation (15) into the last term in equation (10), the intermediate goods

exports by Country s can also be decomposed into the following two components

according to where it is used, similar to a single country IO model:

sr sr r sr sr rr rr rr sr sr rr rr rs

Asrx r_ |:a11 a12j||:xl :| — |:a11 a12j||:|11 I12 j||:yl :|+|:all a12 :||:I11 |12 :||:el :| (16)
sr sr r sr sr rr rr rr sr sr rr rr rs
a‘21 a22 X2 a‘21 a‘22 I21 I22 y2 a‘21 a‘22 I21 I22 e2

Equations (12) and (16), each completely decomposing Country s’ intermediate exports,
are the key technical steps to fully decompose gross trade flows, since they convert gross
output (and gross exports), usually endogenous variables in standard ICIO models, to
exogenous variables in the gross trade accounting framework we develop. Together with
the adding-up condition for the global value added multiplier defined in equation (6) and
the local value added multipliers defined below, they are the major stepping stones for
deriving our gross exports decomposition formula.

From equation (6), we obtain Country s’ domestic and foreign value-added
multipliers as follows:

ss ss
spss _ |/S s 1 2 | _ \/Shss S|y SS S|y SS S|y SS
VB = [Vl V2j1: :| - [Vl 1 + V2b21 Vl 2 + VZbZZ] (17)

SS SS
b21 b22

VBT =l Vé{ . 2} = [wibs +vibg  vib +vib3] (18)
b21 b22

Also from equation (6) we know that the sum of equations (17) and (18) equals a 1

by 2 vector of unity. In a single country 10 model, domestic value-added multiplier can

be calculated as

ISS ISS
V(- A =L =y VZ{” S Y L R ] (19)

1%
Using equation (19), the identity of summing equations (17) and (18) equals to unity,
and define “#” as element-wise matrix multiplication operation’, the value of Country s’

gross intermediate exports can be decomposed as

* For example, when a matrix is multiplied by N x1column vector, each row of the matrix is multiplied by
the corresponding row element of the vector.
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sr st [ or sy ss s|ss sr sr r
ASI’X r — |:a11 a12 Xl i| — |:V1 Ill + V2I21:|# |:a11 a12j||:xl j|
sr sr r s|ss s|ss sr sr r
a‘Zl a22__X2 Vl IlZ +V2I22 a21 a22 XZ
SpaSS SpaSS R s|ss sr sr r
{Vl bll +V2b21j| _ Vl Ill +V2|21:| # |:a11 a12j||:xlj| (20)
S|y SS SpaSS spss sy ss sr sr r
Vl 2 +V2b22 _Vl |12 +V2I22 aZl a'22 XZ
IS IS sr sr r
+ |:Vl bll + V2b21:|# |:a11 a12 j||:xl j|
IS [|a TS sr sr r
Vl bll +V2b21 aZl a22 XZ

Finally, based on the Leontief insight, Country s’ final goods exports can be

decomposed into domestic and foreign value-added as follows:

sr S|4 SS S|4 SS sr rRwrs Frwrs sr
yl _ Vl bll +V2b21 # yl + Vl bll +V2b21 # yl (21)
sr - VSbSS+VSbSS sr Vrbrs+vrbrs sr
y2 1~12 222 y2 1™11 2%21 y2

Inserting equations (12) and (16) into equation (20), and combining equations (20)

and (21), we obtain Country s’ gross exports decomposition equation as:
e ysr aflsr a'lsr X"
sr_ |1 | _| 1 1 2 1
E” = st ||y ,sr + sr sr r
e2 y2 a21 a22 XZ
[\/ShSS | \/S|SS sr SISS | \/S|SS | st sr rr rr rr
— Vl 1+V2b21]#[y1 ]+|:Vllll+V2|21 # [a'll aiZ][ 1 2:|[yl ]
SISS | 1 /S|aSS s SISS | 15158 st st || arr r rm
_Vl 2 +v2b22 y2 vl I12 +V2I22_ a21 a22 b21 b22 yZ
IS syss | ([ 4sr st [ a1t re |y, rs ] S|ss S| 55 st sr rs rs ss
+ V1I11+V2I21 # all a12 1 2 yl +[V1Ill +v2'21:|# {ail a'12:|[ 1 2:|[yl :|
SISS | y,5]SS st st || grr m rs SISS | y,5]SS st St | s rs ss
_Vl IlZ +v2|22_ _a21 a22__b21 bZZ__yZ i Vl I12 +VZI22 aZl a22 b21 b22 y2
ss

[\,s syss | ([ 4sr st s rs | y,sr]
vllll+V2|21 # ail alz 1 2 yl

SISS | y,S]SS st st rs rs sr
_V]. IlZ +v2I22_ _a21 aZZ__bZl b22__y2 B
ShSS | y/S|SS SISS | y,S]SS sr st r
+ [Vl bll +V2b21:|_|:vl Ill +V2|Zl] # [ail a12:||:X1]
SISS | y/S|aSS SISS | y,5]SS sr st r
Vl 2 +v2b22 Vl |12 +V2I22 a21 a22 X2
IINE TArS | st TIATS s sr st yre qrr rr
+ V]. 1 +v2b21 #[yl :|+[Vl 1 +v2b21:|# |:a11 alz:”:lll IlZ][yl }
TS |\ TRIS st TS |\ TRIS st st || qpreqrr rr
_Vl 1 +V2b21_ y2 Vl 1 +V2b21 a21 a22 |21 |22 y2
[\ TS TArS | sr st yre qrr rs
+ Vl 1 +V2b21 # |:a11 a12:|[|11 |12][e1 ] (22)5
TWIS |\ TIPS sr st ffqrr g || ars
_V]. 1+V2b21_ aZl a22 |21 I22 e2

Similarly, we can derive the decomposition of Country r’s gross exports in a similar

way. To save space, we list the equation in appendix B.

Equation (22) indicates that the gross exports of a country can be completely

5 Appendix A provides the relationship between global and local Leontief inverse matrix in the two-country,
two-sector case in details.
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decomposed into the sum of nine terms. It is a generalization of equation (13) in KWW
for the case of a country’s aggregate exports; with the domestic pure double counted term
being further split into terms related to production of final and intermediate goods
exports, respectively.

To better understand each term in this accounting equation, we provide the following
economic interpretations: The first term is domestic value added embodied in the final
exports of the 1 and 2™ sectors of Country s. Each of them has two parts: domestic value
added created by the sector itself and domestic value added created by the other sector
embodied in the sector’s final exports. The second term is domestic value added

embodied in Country s> 1% and 2" sector’s intermediate exports which are used by
Country r to produce final goods, ¥;' and Y, , that are consumed in r. These two terms

are domestic value added embodied in Country s’ gross exports which are ultimately
absorbed by Country r. They are value added exports of Country s.

The third term is domestic value added embodied in Country s’ 1* and 2™ sector’s
intermediate exports used to produce Country r’s final exports, i.e. Country s’ imports of
final goods from r. The fourth term is domestic value added embodied in Country s’ 1*
and 2" sector’s intermediate exports that are used by Country r to produce intermediate
exports and return to Country s via its intermediate imports to produce its domestic final
goods. These two terms are domestic value added embodied in the 1* and 2™ sector’s
gross exports, respectively, which return home and are finally consumed in Country s.

The first four terms are the domestic value added (GDP) embodied in the 1** and 2™
sectors’ gross exports of Country s, which include value added created from all sectors in
Country s.

The fifth term is the domestic value added of Country s' 1* and 2" sector’s
intermediate exports which return home as its 1% and/or 2™ sector's intermediate imports
and are used for production of Country s’ both sectors’ final exports that are finally
consumed in Country r. They are parts of the value added in Country s' final exports and
are already counted once by the first term of equation (22). For this reason they are a
portion of domestic double counted terms caused by the back and forth intermediate
goods trade in order to produce final goods exports in Country s.

The sixth term is domestic value added of Country s' 1" and 2™ sector’s intermediate
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exports that return home as intermediate imports and are used for production of Country
s’ intermediate exports to Country r. It is also a domestic double counted portion caused
by the back and forth intermediate goods trade but to produce intermediate goods exports
in Country s.

The sum of the first to the sixth terms equals the domestic content of the 1** and 2™

2 2
sectors’ gross exports, » vbe" and » vihe; . A detailed proof is given in Appendix C.
i i

The seventh term is foreign value added used in Country s' 1" and 2™ sector’s final
goods exports. Each of them also has two parts: foreign value added from the sector itself
and from the other sector used to produce final exports from Country s. Adding up the
first and the seventh terms accounts 100% of the value of the final exports in Country s
by sector.

The eighth term is foreign value added used to produce the 1% and 2" sector
intermediate exports of Country s, which are then used by Country r to produce its
domestic final goods. Summing the seventh and eighth terms yields the total foreign
value added embodied in the 1% and 2™ sectors’ gross exports of Country s, respectively.

The ninth term is foreign value added embodied in the 1% and 2™ sector’s
intermediate exports used by Country r to produce its final and intermediate exports,
which is a pure foreign double counted term of Country s’ exports. Adding up the eighth
and ninth term yields the foreign content of the 1% and 2™ sector’s intermediate exports.

Therefore, summing up the seventh to the ninth terms equals the foreign content of
2 2
the 1% and 2" sector’s gross exports of Country s, D vibe and > v/bje;", respectively.
i i

It is easy to show that the aggregation of the two sectors in equation (22) results in
equation (13) in KWW. A detailed proof is given in Appendix D. A numerical example to

illustrate various concepts discussed in this section is provided in Appendix E.

2.3 Decompose intermediate and gross trade: 3-countries and 2-sectors
Examining a three-country case in detail is useful for two reasons: (i) it exhibits
nearly all the richness of the full general multi-country analysis, and (ii) analytical

solutions remain tractable and continue to have intuitive explanations.
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We use a superscript s, to represent the source country, r to represent the partner
country, and t to represent the third country, and define the country set G = {s, r, t}.
Based on the Leontief insight, from a three-country two-sector ICIO model we can
decompose Country r's gross output into the following nine components according to
where they are finally absorbed:

X"=B"Y*+B"Y"+B"Y"
(23)
=B"Y* +B"Y " +B"Y* +B"Y" +B"Y" +B"Y" +B"Y* +B"Y" +B"Y"
Where B™ denotes a 2 by 2 block Leontief inverse matrix, which is total
intermediate input requirement coefficients that specify the amount of gross output from

Country r required for a one-unit increase in final demand in Country k. X" and Y* are

vectors of Country r’s gross output and Country k’s final goods outputs respectively,
e e R e
X, Xy + Xy + Xy by by, Y, Yo +Y, +Y,
Insert equation (23) into the last term of equation (10), we can decompose Country
s’ gross intermediate goods exports according to where and how they are absorbed as
follows:

Asrxr — AsrBrrY rr +Asr Brtht +AsrBrrY rt +AsrBrthr +AsrBrrY rs +AsrBrths (24)
+ASI’BI‘SYSS+ASTBI’S( sr +Y5t)

Comparing equation (24) with equation (12), the intermediate goods exports
decomposition equation in the 2-country, 2-sector case, the first, fifth, and seventh term in
equation (24) are exactly the same as the first three terms in equation (12) and have
similar economic interpretations, except that they are expressed in aggregate matrix
notations®. They are part of Country s’ intermediate goods exports used by partner
Country r to produce final goods and are consumed in r; to produce final goods exports
that are shipped back to Country s; and to produce intermediate exports that are shipped
back to and used by Country s to produce domestically consumed final goods. The last
term in the two equations also has similar economic interpretation. Both are part of

Country s’ intermediate goods exports used by importing Country r to produce

® The full derivation process in detailed matrix notation similar to section 2.2 (Equations 23 to31) is listed
in Appendix H for interested readers.
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intermediate goods exports that are shipped back to Country s to produce its final goods
exports that are ultimately consumed abroad. However, in equation (12), the term only
has final goods exports to Country r, while in equation (24), the term also includes final
goods exports to the third country t.

Four additional terms appear in equation (24), namely, the second, third, fourth and
sixth terms, all of which are related to the third Country t. The second term is Country s’
intermediate exports used by the direct importer, Country r, to produce intermediate
goods that are exported to the third Country t for production of final goods consumed in t.
The third term is Country s’ intermediate exports used by the direct importer, Country T,
to produce final exports which are ultimately absorbed by the third Country t. The fourth
term is Country s’ intermediate exports used by the direct importer, Country r, to produce
intermediate exports to the third Country t for production of final exports that return to
the direct importer (r). The sixth term is Country s’ intermediate exports used by the
direct importer (r) to produce intermediate exports to the third Country t for its
production of final exports that return to Country s. These additional terms and their
relative importance are measures of different patterns of production sharing that involve
more than two countries and only can be observed in a setting with three or more
countries.

The eight terms in equation (24) collectively decompose completely Country s’
intermediate exports according to where and how they are finally absorbed.

In the three-country ICIO model, the gross output production and use balance, or the

row balance condition becomes:

xl’ :Arsxs+Aerr+Artxt+Yrs+Yrr+Yrt

. (25)
— Al‘l‘xr +Yrr + Ers + El’t — Aerr +YI‘I‘ + Er
Where E™ =E"™ + E" is total gross exports of Country r. Re-arrange (25)
X" =(1—AT)LY" (1 - AT)LE” (26)

Therefore, the intermediate goods exports by Country s can also be decomposed into

two components according to where it is used similar to a single-country 10 model:
ASI"X r — AST erY rr + ASI’ LI'TEr* (27)

Although expressed in aggregate matrix notation, equation (27) is almost the same
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as equation (17), except its last term on the RHS also includes Country s’ exports to the
third Country t in addition to its exports to Country r.

It is important to note that the value-added multipliers of Country s and r are exactly
the same in the 3-country, 2-sector model as in the 2-country, 2-sector case as specified in
equations (17) and (18). The value-added multiplier of Country t can be defined in a

similar way:
V'B® =[v{ vg{

and the sum of equations (17),(18) and (28) equals unity, i.e:

ts ts
1 2

ts ts
b2 1 bZ 2

thts tjats tjats tpats
}Z[Vl 1+V2b21 Vi 2+V2b22] (28)

V°B®+V'B"+V'B* =[1 1] (29)

Finally, based on the Leontief insight, Country s’ final goods exports can be

decomposed into Country s, r, and t ’s value-added as follows:
YSI’ — (\/SBSS)T #Y sr + (\/ I’BI’S)T #Y sr + (\/IBIS)T #Y sr (30)

Combine equations (24), (27), (29) and (30), we can obtain the gross exports
decomposition equation in the 3-country, 2-sector model in a similar way as the 2-country

2-sector case. Detailed derivation is provided in Appendix G.

ES =Y 4 ATX = (VEB®)T#Y ™ + (VL) #(AYB"Y ") + (VL) #(AB"Y")
+(VEL®) #(ATBTY ™) + (VEL®)T#(AYBY™)
+ (VLS H(ATBTY ®) + (VOLE) T H(ATBTY ) + (VELE) #(ATBY %)
+ (VL) TH[ATBE (Y +Y )] +[VE(BT - L) #(ATX )
+(VIB™)T#Y T + (V'B™) #(ATL"Y ™)+ (V'B") #(ATL"E")
+(VIBS)T#Y S + (VIBE) #(ATLTY ™) + (VIB®) #(ATLTE™)

€1y

Except for expressing in aggregate matrix notations, equation (31) is similar to

equation (22) but with seven additional terms, all of which involve the third Country t.

Four of them are domestic value-added components. The third term is Country s’
domestic value-added in its intermediate exports used by the direct importer (Country r)
to produce intermediate exports to the third Country t for production of latter’s domestic

final goods; the fourth term is domestic value-added in Country s’ intermediate exports
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used by the direct importer (r) for producing final goods exports to the third Country t;
the fifth term is domestic value-added in Country s’ intermediate exports used by the
direct importer (r) to produce intermediate exports to the third Country t for its
production of final goods exports that are shipped back to the direct importer (r); and the
seventh term is domestic value-added in Country s’ intermediate exports used by the
direct importer (r) to produce intermediate exports to the third Country t for the latter’s

production of final goods exports that are shipped back to the source Country s.

Two of the seven additional terms are foreign value added components. The
fourteenth term is foreign value added from the third Country t used by Country s' 1** and
2" sectors to produce final exports from Country s. Adding up the first (domestic value
added from source Country s), eleventh (foreign value added from Country r) and
fourteenth term (foreign value added from Country t) accounts for 100% of the value of
the final exports in Country s by sector.

The fifteenth term is foreign value added from the third Country t used to produce
the 1 and 2™ sectors’ intermediate exports of Country s, which are then used by Country
r to produce its domestic final goods. Summing the eleventh, twelfth, fourteenth and
fifteenth terms yields the total foreign value added embodied in the 1% and 2™ sectors’

gross exports of Country s respectively.

Similar to the ninth term in equation (22), the thirteenth and last terms in equation
(31) are foreign value added (value-added from Country r and t) embodied in the 1* and
2" sectors’ intermediate exports used by Country r to produce its final and intermediate
goods exports to the world (sum of exports to Country s and t), which are double counted

terms in Country s’ gross exports originated from foreign countries.

Coming to the rest of the six terms in equation (31), the first, second, sixth, eighth,
ninth and tenth terms have similar economic interpretations as the first six terms in
equation (22), so we do not repeat them here to save space. The sixteen terms completely
decompose bilateral gross exports from Country s to Country r into different value-added
and double counted components, and their sum equals 100% of bilateral trade flows at the
sector level. The disaggregated accounting framework made by equation (31) is also

diagrammed in Figure 1.
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Figure 1a Gross Exports Accounting: Major Categories

Gross exports

(E*)
Domestic value- Value-added first Foreign value- Pure double counted
added absorbed exported but added Terms
abroad eventually (FVA) (PDC)
(DVA) returned home
(RDV)

Note: E* can be at country/sector, country aggregate, bilateral /sector or bilateral aggregate; both DVA
and RDV are based on backward linkages

Figure 1b Gross Exports Accounting: Domestic Value-Added

DVA in gross exports

Domestic value-added Domestic value-added
absorbed abroad returns home
(DVA) (RDV)
(T1%) (T2) (T3+T4+T5) (T6) (T (18)
In final Intermediates Intermediates Intermediates Intermediates Intermediates
goods eXp%r;sda:EggtrbEd re-exported to that return via ﬁrt]*;?tirfﬁ;%’r't‘s'cia that return via
exports importers third countries final imports third countries intermediate
imports
(DVA FIN) (DVA_INT) (DVA_INTrex) (RDV_FIN) (RDVFIN2) (RDV_INT)
(T3) (T4) (T5)
Intermediate exports Produce final Produce intermediate
to third countries to goods exports to exports to third
produce domestic third countries countries to produce
final goods exports
(DVA_INTrexI1) (DVA_INTrexF) (DVA_INTrexl2)

Note: *corresponds to terms in equation (31) in the main text.
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Figure 1¢ Gross Exports Accounting: Foreign Value-Added

~~~~

Foreign value- ' A Pure double
1
added (FVA) L VS ¥ counting (PDC)
N /\
Foreign value- Foreign value- Pure double Pure double
added used in added used in counting counting from
final goods intermediate from foreign domestic
exports exports sources sources
(FVA_FIN) (FVA_INT) (FDC) (DDC)

(T11) (T14) (T12) (T15) (T13) (T16) (T9) (T10)
Sourced Sourced Sourced |[Sourced from| | Due to the || Due to other || Due to final Due to
from the || from other from the other direct countries  ||goods exports|| intermediate

direct countries direct countries importer exports production exports
importer importer exports Production production

production
(OVA_FIN) (OVA_INT) (ODC) (DDC_FIN) || (DDC_INT)
(MVA FIN) (MVA INT) (MDC)

With our bilateral/sector gross exports decomposition equation (31) in hand, we can
reflect on a proper definition of the value-added exports to gross exports ratio (the VAX
ratio) and double counting measure at the bilateral/sector level.

Define domestic value added in bilateral exports in sector i from Country s to
Country r that are ultimately absorbed by other countries as the sum of the first five terms

in equation (31)

dva™ = (vibf +vob )y + (vily + vl )Za Zb Y +yk

+ (VLS vl )Za Zb

Value-added exports from Country s to Country r based on backward linkages are

(32)

Y + Vi)

2
vi(e™) = (b +vab) v+ (vl +v315) > Ay Z(b}kr +bjy)
i

, (33)
+ (W3 + Slzs.s)za Z(btt +byi)}
j
Note that dva’ includes value added absorbed by not only Country r, but also the

third country t (bi;ry;t and bi;tyﬁt in equation (32)), while backward linkage based value
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added exports measure Vt(e™) includes not only value added exports from Country s

embodied in its own gross exports to Country r (the second term in equation (33)), but
also value added exports by Country s embodied in its gross exports to the third Country
t, that are finally absorbed by Country r (the last term in equation (33)).

Value added exports from Country s to Country r based on forward linkages are
2
tsr —V sts +Viszbisr re +V stt (34)
j

The following four propositions summarize our major analytical results’:
Proposition A: In a three-country world, dva’™, vt(e;"), andvt’™, are not equal to

each other in general except under special restrictions. In addition, the following

aggregation relations (1)-(3) always hold:

(I)th(e“) thSr (Z)Zdv ivt(efr), (3)izz“vt(efr)=iivtﬁr =iidva§r; and

r#s r#s r#s i=1 r#s i=1 r#s i=1

4) Zdva1 # thfr andzdv * i\/tisr hold in general except for special cases.

r#s r#s

Proposition B: In a three-country world, dva’ is always less than or equal to e,
the sector level gross bilateral exports. Therefore domestic value added absorbed abroad

to gross exports ratio is upper-bounded at 1, i.e. ¥&" _;
eSI’

G
Proposition C: vt(e”) =D vt(e["), the sector level value added exports measure based

r#s

on backward linkages is always less than or equal to Country s’ gross exports of sector i

G
to the world: e~ = Zefr . Therefore, backward linkage based value-added exports to

r#s
vt(e b
e

Proposition D: vt is always less than or equal to sector level value-added

gross exports ratio is upper-bounded at 1, i.e <1

*"to GDP by industry ratio is

G
production. i.e.vt™ = Z\nf“ <v’x’ . Therefore, ——
VX
u#s [

upper-bounded at 1.

" Due to space limitation, we leave the derivation of equations (32) to (34), mathematical proofs of the four
propositions A-D, and detailed discussion of the relationship between the two type measures of value-added
exports and domestic value-added in gross exports in Appendix H for interested readers.
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The intuition behind these propositions is simple. As shown in Appendix F and H,
the sector level direct value-added exports are the same for both value-added export
measures, but the sector level indirect value-added exports can be very different. The
indirect value-added exports in the forward linkage based measure are the sector’s value
added embodied in other sector’s gross exports, which has no relation with the gross
exports from that sector. Therefore, the value added exports to gross exports ratio defined
by Johnson and Noguera (2012) at the sector level is not desirable since its denominator
(sector gross exports) does not include the indirect value-added exports from other
sectors. It is common in the data for some sectors to have no gross exports, but their
products are used by other domestic industries as intermediate inputs and thus they can
have indirect value added exports through other sectors. In such cases, the VAX ratio will
become infinitive. Similarly, at the bilateral level, due to indirect value added trade via
third countries, two countries can have a large volume of value added trade even when
they have no gross trade. Therefore, it is not possible to define a well-behaved ratio of
value-added exports to gross exports that is upper bounded at 1. However, because such
indirect value-added exports are part of the total value-added created by the same sector,
the forward linkage based value-added exports to GDP ratio can be properly defined at
the sector level.

Analytical results based on propositions A-D show clearly that the VAX ratio
defined by Johnson and Noguera (2012) cannot be used as a summary measure of value-
added content and double counting of gross exports except at the country aggregate level.
The correct measure at the bilateral/sector level is the share of domestic value-added that
is absorbed abroad in gross exports. However, when the bilateral/sector decomposition is
aggregated to the country/sector level, the VAX ratio computed based on backward
linkage equals domestic value-added in exports that stay abroad (no need to separate
different destinations), so the definition of value-added exports can be consistently
maintained. In such a case, only the backward linkage based VAX ratio defined in this
paper is upper bounded at 1, while the forward linkage based VAX ratio widely cited in

the literature is not.

2.4 A numerical example
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We now provide a numerical example to illustrate various concepts discussed so
far. Suppose a simple 3-country, 2-sector ICIO table as summarized in Table 2 below:

Table 2 3-Country, 2-Sector Numerical ICIO Table

Intermediate Uses Final Uses
Country S R T Gross
vs i vt outputs
Country Sector sl s2 rl r2 tl t2
sl 1 1 0 0 0 0 9/10 1/10 0 3
s
s2 0 1 0 1 0 0 1 0 0 3
rl 0 0 1 1 0 0 0 1 0 3
r
r2 0 0 1 1 0 0 0 1 1 4
tl 1 0 0 0 1 0 1 0 0 3
t
2 0 0 0 0 1 1 0 0 1 3
Value-added 1 1 1 1 1 2
Total inputs 3 3 3 4 3 3

The gross intermediate exports (EI) and final good exports (EF), the direct input
coefficient matrix (A), Global Leontief inverse (B), Local Leontief inverse (L) and direct
value-added coefficient vector (V) can be easily obtained from Table 2. By applying
decomposition equation (31), we can fully decompose each of the three countries’ gross
bilateral exports into sixteen value added and double counted components as reported in
table 3. All these detailed numerical computations are listed in Appendix I.

This example shows that one has to be careful about defining the VAX ratios at
either bilateral, sector, or bilateral sector level. If one were to use the definition by
Johnson and Noguera (2012) which is based on forward linkages, 6 out of the 12 VAX
ratios at the bilateral sector level would be undefined (going to infinity) (shown in
Column 18 of Table 3). If one were to define the VAX ratio based on backward linkages,
it would be undefined for four cases (shown in column 20 of Table 3). At the aggregate
bilateral, the VAX ratio based on either forward or backward linkages would be
undefined in 2 out of the 6 cases (rows ST and TR in Table 3). We advocate computing
the share of domestic value added that stays abroad (computed in column 16 of Table 3)
as a summary statistics for inverse measure of vertical specialization in world production
or international production sharing at any level of disaggregation. Such a measure is
always bounded between zero and 100%. Note that at the country aggregate level, our

measure coincides with the other two.
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Table 3: Gross Exports Decomposition Results: 3-Country, 2-Sector Numerical Example

Value Value

VAX_F  Added
Trade T5- T12- Gross %of  paaded = A VAX_B
- _ ports _ —
Flows 1 T2 T3 T4 g T TETI0 T gy THO T T8 gnors PVA DVA  Fomara (?gf,'\‘l)) Backward  Ratio

sri  1/20 O 0 0 0 0 0 0 0 120 0 0 1/10 1/20 50% 1/5 200% 1/5 200%

stl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0% 1/10 0 0 0%

rtl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0% 1/5 0 0 0%

rsl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0% 0 0% 0 0%

tsl 1 7710 3/20 1/20 0 1/10 0 0 0 0 0 0 2 19/10  95%  17/20 43% 19/20 73%

trl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0% 1/10 0 1/10 0

Sr 1/20 9/20 0  3/10 0 0 0 0 0 1/20 3/20 1/10 11/10 4/5 73% Ya 45% 12 45%

Rt 3/5 0 0 0 0 0 0 1/10 0 3/10 0 0 1 3/5 60% 3/5 60% 3/5 60%

Ts 1 7/10 3/20 1/20 0 1/10 0 0 0 0 0 0 2 19/10  95%  17/10 85% 17/10 85%

S 1/20 9/20 0  3/10 0 0 0 0 0 1/20 3/20 1/10 11/10 4/5 73% 4/5 73% 4/5 73%

T 1 710 3/20 1/20 0 1/10 0 0 0 0 0 0 2 19/10  95%  19/10 95% 1910  95%
Note: 1. Row label “sr1” represents the 1% sector’s trade flow from Country s to r; “rs2” represents the 2™ sector’s trade flow from Country r to's ... and so on.
2. T1-T16 is correspondent to the 16 terms in equation (31) and the 16 boxes in figure 1.
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2.5 The general case of G countries and N sectors

Extending the 3-country, 2-sector model to a general model with G countries and
N sectors is straightforward. Country s’ intermediate exports to Country r can be split

into eight terms similar to equation (24):

Asrxr :ASI’BITYI‘I’ +ASI’§:BI’1YN +ASI'BI’I’ in’t +ASF§:BH thu

t#s,r t#s,r t#s,r u#s,t (35)
G G
+ Asr BrrY rs + Asr Z BrtY ts + Asr BrsY ss + Asr Z B rsY st
t#s,r t#£s

where 4% is an NxN block input-output coefficient matrix, B denotes the NxN block
Leontief (global) inverse matrix, X" is an Nx1 vector that gives Country r’ total gross
output. Y is also an Nx1 vector gives final goods produced in s and consumed in r.
Although each of the 8 terms has the same economic interpretations as the
corresponding terms in equation (24), all of the third-country terms in equation (35)
include all other remaining counties.
Define total value-added multiplier for every country, similar to equations (17),
(18), (19), and (28):
i

N B N T N 7 [N
S| SS rars tts S| Ss
2. vibg D Vb 2.vibg vl
i i i i

N N N N
VB = Zi:ViSbiszs V'B® = Zi:virbirzs VtBts _ ZV:bS VLS = iZVisliszs (36)

N N : N : N :
S}y SS rNars thts S| SS
$ v S vibg S Sz
L i _ L i L i ] L i

G
Using equations (27), (35) and the property of ZVrBrS =Uu, and adding the

decomposition of Country s’ final goods exports to Country r based on the Leontief
insight, we obtain the decomposition equation of gross bilateral exports from Country
s to Country r for the general G-country N-sector setting. Step by step derivations are

given in Appendix J.
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Esr Z(VSBSS)T#YSI' +(V5LSS)T#(AsrX r)+(VsBss _VsLSS)T#(AsrX r)

G G
+(VrBrS)T#Ysr+(VrBrS)T#(AsrXr)+(ZVtBtS)T#Ysr+(thBtS)T#(AsrXr)

t#s,r t#s,r

— (VsBSS)T#Ysr +(\/SLSS)T#(ASrBrrYrr)+(\/SLSS)T#(ASF iBrtht)

t#s,r

+ (VSLSS)T #(AsrBrr ZY rt) +(\/SLSS)T #(Asr Z zBrthU) (37)

t#s,r t#£s,ru=s,t

G
+ (\/SLSS)T #(AsrBrrY r3)+ (\/SLSS)T #(Asr ZBrtYIS) +(V5L55)T #(AsrBrsY 55)

t#s,r

G
+ (VSLSS)T #(AerBrsY st) +(VsBss _VSLSS)T #(Asrx r)
t#s

+(VrBr5)T#Ysr +(VrBrS)T#(AsrerYrr)+(VrBrS)T#(AsrerEr*)

G G G
+ (thBtS)T #Y sr +(thBtS)T #(ASI’LHY I’r)+(thBtS)T #(AsrerEr*)

t#s,r t#s,r t#s,r

Summing up equation (37) across the G-1 trading partners and N sectors, we
obtain a decomposition equation for total gross exports of Country s, which can be
verified to be identical to equation (36) in Koopman, Wang, and Wei (2014). Detailed
derivations are also given in Appendix J. This formally shows that our formula

generalizes the one in KWW to any level of disaggregation.

3. Decomposition Results for 40 Economies during 1995-2011

In this section, we apply our disaggregated accounting framework to the World
Input-output Database (WIOD). The WIOD, developed by a consortium of eleven
European research institutions funded by the European Commission, provides a time
series of inter-country input-output (ICIO) tables from 1995 to 2011, covering 40
economies including all major industrialized countries and major emerging trading
nations. Timmer et al. (2012) provide a detailed description of this database.

Our disaggregated accounting framework produces a series of panel data sets,
consisting of many GN (1435) by G (41) and GN by GN matrices each year,
collectively taking up more than 20 gigabytes of storage space when the
decomposition is computed at the most detailed level. To illustrate the estimation
outcomes in a manageable manner, we provide a series of examples, which are

selected and processed from subsets of the detailed results.
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3.1. Decomposing gross exports into their four major components at the country-
sector level

We first look at the decomposition for the gross exports of US transport equipment
sector (WIOD sector 15). The sector includes automobiles and airplanes and is one of
the most important export sectors for the United States. The decomposition for 1995-
2011 is presented in Table 4a. Column 2 records the gross exports in millions of
dollars (current price). In the next four columns, we report the four major components
of gross exports: domestic value added that is ultimately absorbed abroad (DVA for
short), foreign value added used in the production for the exports (FVA for short),
returned value added or the portion of domestic value added that is initially exported
but ultimately returned home by being embedded in the imports from other countries
and consumed at home (RDV for short), and pure double counted terms (PDC for
short) due to the back and forth intermediate goods trade, all expressed in percentage
of gross exports. On average, DVA is under 70% of gross exports, while FVA that is
embedded in US transport equipment exports is somewhere between 12-22% of the
gross exports.

The remaining parts consist of returned domestic value added (RDV) and pure
double counting (PDC). When we compare with the next example (Mexico’s electric
equipment exports), we will see that the RDV share for the US transport equipment
exports is relatively high. This suggests that a fraction of the US exports are parts and
components that are used as intermediate inputs in the production of transport
equipment or refined components that are re-imported back to the United States.

Table 4a: Decomposition of US Transport Equipment Exports (WIOD sector 15)

Year Gross DVA Share FVA Share RDV Share PDC Share

Exports (% of (2)) (% of (2)) (% of (2)) (% of (2))
) () 3) ) S) (6)
1995 90,737 70.3 12.1 12.6 5.0
2000 124,345 67.2 12.0 145 6.4
2005 150,442 66.0 15.1 11.8 7.0
2007 194,374 67.8 16.6 8.9 6.7
2009 158,999 74.6 15.8 5.1 4.4
2010 179,540 68.1 20.7 5.2 6.0
2011 198,891 67.0 21.9 5.0 6.1

The four components exhibit different trends. Clearly, the FVA share has
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increased over time from 12.1% in 1995 to 21.9% in 2011. In comparison, the RDV
share has declined from 12.6% to 5.0% during the same period.

We note that our definition of DVA at the sector level differs from that of
value added exports defined by Johnson and Noguera (2012). The VAX measure
describes the amount of domestic value added that originates in this sector (transport
equipment) that is exported and absorbed abroad. It excludes domestic value added
originated in other sectors (e.g., services) that is exported via the transport equipment
sector. The ratio of VAX to gross exports for the US transport equipment sector is
33.3% in 1995 and 24.8% in 2011, which are less than half of the DVA shares in gross
exports in the corresponding years.

We now look at the decomposition of Mexico electrical and optical equipment
(WIOD sector 14) exports. The results are presented in Table 4b. An important feature
of this example is the relatively high share of foreign value added in Mexico’s exports
in this sector. Indeed, FVA is often higher than DVA, driven in a significant part by
imported components in the Maquiladora factories. Note that RDV is tiny in Table 4b

(column (5)).

Table 4b: Decomposition of Mexico Electrical and Optical Equipment Exports
(WIOD sector 14)

Year Gross DVA Share FVA Share RDV Share PDC Share

exports (% of (2)) (% of (2)) (% of (2)) (% of (2))
(1) 2 A3) @ ) 6
1995 17,394 45.5 49.5 0.2 4.9
2000 46,483 44.6 49.1 0.3 6.0
2005 54,983 41.0 48.8 0.4 9.9
2007 69,083 41.9 47.8 0.3 9.9
2009 56,401 43.0 48.7 0.3 8.0
2010 67,893 40.1 50.6 0.3 9.1
2011 71,397 38.5 52.1 0.3 9.2

3.2 Further decomposing foreign value added (FVA) and imported content (VS)
by source countries

Our decomposition formula allows us to trace the FVA in that sector to the
original countries. The evolution of the top five foreign suppliers of value added in
the US transport equipment sector is presented in Table 5a. In the 1990s and early

2000s, Japan and Canada are the top two suppliers of foreign value added. However,
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in more recent years, China has become the top supplier, followed by Canada and
Japan.
Table 5a: Main Source Countries for Foreign Value Added in US Transport

Equipment Exports (WIOD sector 15) (Unit: % of gross exports)

Year 1995 2000 2005 2010 2011

FVA (VS) share of gross exports 11.4 (16.0) 11.0 (16.9) 13.5(20.9) 18.4(25.6) 19.3 (27.0)

China 03(04) 0407  12(1.9)  30(41) 3345
Canada 18(25) 1929 2132 24(32)  24(33)
Japan 2737 2028  18(26) 22(28)  22(27)
Mexico 06(0.9  08(13)  12(1.8) 2027  21(9)
Germany 09(12) 09(12)  12(1.7)  14(1.8)  15(19)
Korea 05(0.6) 0305  05(0.7)  08(1.0)  08(L1)
United Kingdom 06(0.9  08(1.1) 0609  07(0.9  0.7(0.9)

FVA share by top suppliers in Mexico’s electrical and optical equipment exports is
presented in Table 5b. The United States is the leading supplier of foreign value added
to Mexico throughout the sample. However, in terms of relative changes, the most
striking feature of Table 5b is the rapid rise of China, and a corresponding decline of
the United States. The table suggests that, in a few years, China may very well
overtake the United States as the leading foreign supplier of value added to Mexico’s

electrical and optical equipment industries.

Table 5b: Main Source Countries for Foreign Value Added in Mexico’s
Electronics Exports (WIOD sector 14)(Unit %)

Year 1995 2000 2005 2010 2011

FVA(VS) share of gross exports 48.1(54.2) 47.6 (54.9) 459(58.4) 46.5(59.4) 475 (61.0)

USA 31.3(34.8) 30.0(340) 16.9(20.7) 15.2(18.3) 15.1(18.1)
China 0.6 (0.7) 1.1(1.4) 53(70) 109(142) 119 (15.4)
Japan 4.1 (4.6) 33@3.7) 4.8 (5.9) 3.4 (4.0) 3.1(36)
Korea 11(1.2) 1.6 (1.8) 2.4(2.9) 2.7(3.2) 2.9 (3.4)
Germany 1.9 (2.1) 1.7 (2.0) 2.4(2.9) 2.0 (2.4) 2.1(2.4)
Taiwan 0.9 (0.9) 0.9 (1.1) 1.7 (2.1) 1.6 (L9) 1.5 (1.8)
Canada 1.0 (1.2) 1.2 (1.4) 1.0 (1.4) 1.1(L5) 1.0 (1.4)

Vertical specialization or VS, defined as foreign contents in a country’s gross
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export is a summary statistics to measure international production sharing widely used
in the literature (e.g., Hummels, Ishii, and Yi (2001), and Antras, (2013). We report its
share as gross exports in parenthesis alongside with the share of FVA in Table 5a-b.
The difference between FVA and VS share is the share of pure double counting due to
the back and forth intermediate goods trade originated from foreign countries. Those
intermediate trade transactions are not part of any country’s GDP or final demand,
similar to domestic inter-industry transactions that use one type intermediate input to
produce another type intermediate inputs, just because all cross country trade
transaction are recorded by each country’s custom authority, so they show up in the
official trade statistics, different from domestic intermediate input transactions that are
deducted from total gross output when official GDP by industry statistics is account
for. We will further discuss the structure of VS and its implications for cross country

production sharing in the next sub-section.

3.3 Tracing structures of Vertical Specialization across countries and over time

As showed by our gross exports decomposition equation (31) and Figure Ic,
there are different components within VS and each of these components has different
economic meanings and represents different types of cross-country production sharing
arrangement. For example, large share of foreign value-added in a country’s final
goods exports (FVA_FIN for short) may indicate that the country mainly engages in
final assembling activities based on imported components and just participates in
cross-country production sharing on the low end of a global value chain, while an
increasing foreign value added share in a country’s intermediate exports (FVA_INT
for short) may imply the country is upgrading its industry to start producing
intermediate goods for other countries, especially when more and more of these goods
are exported to third countries for final goods production. The latter is a sign that the
country is no longer at the bottom of the GVCs.

Pure double counting of foreign value-added in a country’s exports (FDC for
short) can only occur when there is back and forth trade of intermediate goods. An

increasing weight of FDC share in VS indicates the deepening of cross-country
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production sharing. Intermediate goods have to cross national borders multiple times
before they are used into final goods production. Therefore, knowing the relative
importance of these components and their changing trend over time in a country’s
total VS can help us to gauge the depth and pattern of cross-country production
sharing and discover the major driver of the general increase of VS in a country’s
gross exports during the last two decades.

As shown in Table 6, across all countries and all sectors, the total foreign
content (VS) sourced from manufacturing and services sectors used in world
manufacturing goods production has increased by 8.3 percentage points (from 22.5%
in 1995 to 30.8% in 2011, column 3). Interestingly, the VS structure information
reported in the last three columns indicates that this net increase is mainly driven by
an increase of FDC. This suggests that the international production chain is getting
longer; over time, a rising portion of trade reflects intermediate goods made and
exported by one country, used in the production of the next-stage intermediate goods
and exported by another country to be used by the next country to produce yet another
intermediate good. This progressively more trade of intermediate goods that cross
national borders multiple times is what gives the rising share of FDC.

Table 6: Average VS Structure of World Manufacturing Industries

Year Gross exports VS share in Yoo VS

gross exports FVA_FIN FVA_INT FDC
1995 4,020,202 22.5 45.5 349 19.5
2000 4,916,605 26.5 45.7 322 22.2
2005 7,850,625 29.9 423 325 25.1
2007 10,472,405 31.6 40.7 32.4 26.9
2009 9,093,710 28.4 43.3 33.4 232
2010 10,878,662 30.3 41.7 33.6 24.7
2011 12,458,263 30.8 40.6 345 25.0

Note: VS is sourced from manufacturing and services sector only.

Because the share of foreign value-added in final goods exports in total VS
has declined by about 5 percentage points during the same period (from 44.5% in
1995 to 40.6 in 2011), and because the share of foreign value-added in intermediate
goods exports) in total VS stayed almost constant, the increase of VS share in world

manufacturing exports is driven mainly by an increase in FDC share (from 19.5% in
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1995 to 25% in 2011). If this trend continues, the FDC share may reach the level of
the FVA share and become an important feature of cross-country production sharing.
If we add the shares of FVA INT and FDC, these two components involving
intermediate goods trade have already accounted for about 60% of the total
manufacture VS in 2011.

Of course, there is heterogeneity in the VS structure both across countries and
across sectors, especially between industrialized and developing economies. Table 7
reports total VS and its structure in electrical and optical equipment exports for six
Asian economies: Japan, Korea, Taiwan, China, India and Indonesia. The three
industrialized Asian economies are reported in the right panel. Despite their difference
in the level of total VS shares, their VS structure is very similar: lower and declining
in FVA_FIN, relatively stable in FVA_INT and rapid expanding in FDC. Taiwan’s
VS structure is an informative example (presented in right bottom 5 rows in Table 7).
Taiwan is an important supplier of parts and components, and crucially, as Taiwan
often occupies several different positions on the global production chain (since it
produces both inputs into chip making, memory chips themselves, and components
that embed the chips), the collective shares of FDC and FVA INT already exceed
80% of its total VS (or 40% of its gross exports) since 2005. In comparison, for other
developing Asian countries such as China, India and Indonesia (presented in the left
panel of Table 7), the share of FVA_FIN still accounts for about 50% of their total VS
until 2011. However, there are also interesting differences among the three emerging
Asian giants: the VS structure change during the 17 years for China was mainly
driven by the decline of FVA FIN and increase of FDC, while FVA INT stayed
relatively stable. For Indonesia, it was driven by the rapid expanding of both
FVA INT and FDC, both of them increased more than 10 percentage points during
this period, indicating that there was rapid upgrading of Indonesia’s electrical and
optical equipment industries during this period. While for India, the later-comer in
Asian and global production network of electrical and optical equipment, its share of
FVA_FIN rose (from 38.2% in 1995 to 52.8% in 2011) and FVA_INT share continued

to decline (from 40.2% in 1995 to 25.3% in 2011), while FDC share stayed relatively
36



stable in the last 17 years. This might result from a strategic shift from import
substitution to export oriented development; it is also consistent with a move from the
upper stream portion of the production chain to a more downstream position as China
and Indonesia did decades ago. These empirical evidences indicate that the structure
of VS in addition to its total sums offer additional information about each country’s

respective positions on the global value chain.

Table 7: VS Structure of Electrical and Optical Equipment Exports for Selected
Asian Economies

Year  Gross VS % of VS Gross VS % of VS

Exports share in FAV EVA EDC | Exports share in FAV EVA _EDC

Gross © gN  INT Gross = gy INT
Exports Exports
China Japan
1995 34,032 22.1 56.9 27.5 15.6 124,265 6.7 44.6 348  20.6
2000 68,998 25.9 54.0 23.9 221 136,123 9.5 435 295 270
2005 296,936 37.6 52.3 24.4 23.3 143,324 11.8 35.5 314 331
2010 638,982 29.3 50.4 27.0 22.7 162,861 14.9 34.0 351 308
2011 721,417 28.9 50.2 27.7 22.1 166,935 16.0 33.1 375 294
India Korea
1995 1,260 10.9 38.2 40.2 21.6 40,639 27.8 30.0 437 263
2000 1,927 17.8 41.7 32.2 26.1 60,434 35.1 40.3 309 287
2005 5,962 20.1 42.3 30.2 275 102,595 34.6 31.0 31.2 379
2010 23,994 19.0 54.1 24.0 219 147,823 36.9 24.8 39.3  36.0
2011 29,470 19.4 52.6 25.3 22.1 159,191 36.8 26.4 406  33.0
Indonesia Taiwan

1995 2,831 28.7 70.2 19.1 10.7 41,818 43.8 40.2 39.1 207
2000 7,637 30.6 53.6 233 23.1 77,861 44.8 41.0 313 276
2005 8,387 29.7 43.6 26.8 29.6 100,957 49.0 22.2 328  45.0
2010 11,666 29.0 46.5 28.1 253 142,943 49.1 15.8 40.2 440
2011 12,558 30.7 48.1 29.1 228 147,646 48.2 17.4 41.7 409

Note: VS is sourced from manufacturing and services sector only.

3.4 Two concepts of exports of domestic value added at the country-sector level

As we discussed earlier, there is a backward-linkage based measure of
domestic value added embedded in a country-sector’s gross exports and a forward-
linkage based measure of value added that is originated from a country-sector but is
embedded in the gross exports from all sectors of that country. The distinction of the

two concepts can be seen via an example of German business services exports.
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The first measure of value added is from a recipient or importing country’s
perspective (user’s perspective), and the domestic value added embedded in German
business service exports includes German domestic value added from other German
sectors used as inputs in the production of German business service exports. This
notion of domestic value added exports is called a “backward linkage based”” measure.
Columns 2-5 of Table 8 provide a “backward-linkage based” decomposition, similar
to the two examples in section 3.1. In particular, DVA is the domestic value added
from all sectors in Germany that is embedded in its business service sector exports
that are ultimately absorbed abroad. Unsurprisingly, all the other terms, RDV, FVA
and PDC are relatively small. The DVA is about 93% of the gross exports for that
sector.

A second measure, or a “forward linkage based” notion of value added exports
takes into account all value added that is originated in the German business service
industry but is either directly exported by the service sector or indirectly exported by
other German sectors (producer’s perspective). For example, if German automobile
exports uses German business services, that constitutes indirect exports of value
added from German business services, This particular indirect value added exports are
a part of the forward-linkage based exports of value added from the German service
sector (although they are also part of a backward-linkage exports of German value

added that is embedded in German automobile gross exports).

Table 8: German Business Services Exports (WIOD sector 30)

Year TEXP Backward looking (Share) Forward looking (Ratio)
DVA FVA RDV PDC VAX_F RVA_F

(%0f2) (%of2) (%of@2) (%of2) (%to(2) (% to (2))
M @) 3 @ ) Q) ) ®
1995 14,725 92.9 2.7 32 1.3 3773 7.4
2000 19,597 91.4 3.8 2.8 2.0 344.0 6.8
2005 43,240 92.5 3.8 2.0 1.7 293.2 52
2007 58,061 92.0 4.0 2.1 1.9 291.1 5.1
2009 59,629 92.5 3.4 2.3 1.8 278.7 4.8
2010 59,814 92.6 3.9 1.8 1.7 282.8 4.3
2011 62,854 92.4 4.0 1.8 1.8 291.6 4.7

If a sector does a lot of indirect exports of its sector-originated value added via
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other sectors, the forward linkage based measure of value added exports can in
principle exceed that sector’s gross exports because indirect exports of that sector’s
value added are not part of that sector’s gross exports. This is indeed the case for the
German business services sector. German exports in other sectors commonly embed
value added that is originally from the German business service sector. As we see in
column 7 of Table 8, as a result, the forward linkage based measure of value added
exports from the German business services sector is often 280% to 377% of the
sector’s gross exports. (In contrast, the backward-looking measure of total domestic
value added in a sector’s gross exports is bounded between 0 and 100%.)

These two measures of value added exports at the sector level are useful for
different purposes. If one wishes to understand the fraction of a country-sector’s gross
exports that reflects a country’s domestic value added, one should look at the
backward-linkage based value added for that sector, which by our decomposition
formula is DVA = gross exports — FVA-RDV—-PDC. If one wishes to understand the
contribution of all value added from a given sector to the country’s aggregate exports,
one should look at the forward- linkage based measure of value added exports.

We also note briefly that our framework allows distinguishing forward-linkage
based value-added exports measure (VAX F) from GDP by industry in a sectors’
gross exports, which also includes forward-linkage based measure of domestic value-
added in a given sector but finally returns home (RDV_F) in addition to VAX_F. Such
difference is particular important for countries located on the top of a global value
chain. To save space, we report some selected industries examples from our

decomposition results in Appendix K.

3.5 A new measure of Revealed Comparative Advantage which takes into account
both domestic and international production sharing.

The discussion of the forward linkage based measure of value added in a sector’s
exports naturally leads to a revised notion of a country-sector’s revealed comparative
advantage. The traditional definition of a country-sector’s revealed comparative
advantage (traditional RCA, for short) is the share of that country-sector’s gross

exports in the country’s total gross exports relative to that sector’s gross exports from
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all countries as a share of the world total gross exports.
Formally, denoting € to be the export of good i of Country r, and assuming

that there are N commodities and G countries engaged in trade, then the traditional

RCA is defined as:

G -
* (s
N Zr: i

TRCA =,

n G
28/ 2
i=1 i r

When the RCA exceeds one, the country is said to have a revealed

(38)

comparative advantage in that sector; when the RCA is below one, the country is said
to have a revealed comparative disadvantage in that sector.

The traditional RCA ignores both domestic production sharing and
international production sharing. To be more specific, first, it ignores the fact that a
country-sector’s value added may be exported indirectly via the country’s exports in
other sectors. Indirect exports of a sector’s value added should be included in a
conceptually correct measure of a country’s sector’s comparative advantage. Second,
it also ignores the fact that a country-sector’s gross exports partly reflect foreign
contents (which show up in both FVA and a portion of PDC). A conceptually correct
measure of comparative advantage needs to exclude foreign-originated value added
and pure double counted terms in gross exports but include indirect exports of a
sector’s value added through other sectors of the exporting country.

Taking into account both domestic and international production sharing, we
propose to define a new measure of a country sector’s revealed comparative
advantage (NRCA for short) as the share of a country-sector’s forward linkage based
measure of domestic value added in exports in the country’s total domestic value
added in exports relative to that sector’s total forward linkage based domestic value
added in exports from all countries as a share of global value added in exports. The

new RCA measure, or NRCA, is:

G
. . D (vax_f +rva_f")
NRCA = vax_ f," +rva_f, - (39)
Y (vax_f"+rva_f")/ D> (vax_f+rva_f)

i=1
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We report two pairs of examples to demonstrate the difference between the
traditional and the new measures. First, we compute and plot both RCA for China and
the United States in the sector of electrical and optical equipment respectively. The
time series profiles of the RCA for China, computed by both methods are presented in
the left graph of Figure 2. If one looks at the traditional measure of RCA, this is a
strong comparative advantage sector for China, with the RCA exceeding 2.5 since
2007. In contrast, when the new measure of RCA is used, the RCA takes on a much

lower value, about 1.8 in recent years.

Figure 2: RCA Indexes for Electrical and Optical Equipment Exports
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The RCA for the US in this sector is plotted in the right graph of Figure 2. We
see an even bigger divergence between the new and traditional measures. By the
traditional measure, electrical and optical equipment has become a comparative
disadvantage sector for the United States since 2003. However, by the new measure,
not only this sector remains to be a comparative advantage sector for the United
States, the strength of the RCA has in fact increased in recent years. The divergent
trends in the new and traditional measures of the RCA illustrate the potential
misleading nature of the traditional measure. While the traditional measure based on
the gross trade statistics tells a seemingly sobering story of a decline in the US
competitiveness in the manufacture of electrical and optical equipment, our new
measure reveals the continued robustness of the US comparative advantage in the

industry.
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Figure 3: RCA Indexes for Business Services Exports
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For the second pair of examples, we look at the RCA for India and Germany,
respectively, in the business services sector. The traditional and new measures of the
RCA for India are plotted in the left graph of Figure 3, whereas the two measures for
Germany are plotted in the right graph. India’s business services exports are
legendary due to media reports about Infosys, Wipro, and call centers. Interestingly,
the strength of the RCA for Indian business services is weaker under the new measure
than under the traditional measure. In contrast, German business services exports
attract less media attention than its manufacturing sector export successes. However,
while the business services appear to be a comparative disadvantage sector for
Germany based on gross exports (with traditional RCA < 1 throughout 1995-2011), it
IS a comparative advantage sector by our new measure that takes into account
domestic and international production sharing. For India, the domestic business
services sector contributes relatively little to the production and exports of other
sectors. For Germany, the opposite is the case; the domestic business services sector
is a significant contributor to the production and exports of automobiles, machineries,
and other products. Once indirect exports of domestic business services are taken into
account, India’s business service exports become much less impressive relative to

Germany and many other developed countries.

3.6 Decomposing bilateral-sector level exports

We consider the US — China bilateral trade in electrical and optical equipment.
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Among all bilateral sector level trade flows in recent years, this is the single biggest
product group measured by the volume of gross trade, with the sum of the two-way
flows reaching 212 billion dollars in 2011. By the gross statistics, presented in column
1 of Table 9, the trade is highly imbalanced, with the Chinese exports ($176.9 billion
in 2011) being five times that of the US exports to China ($35.1 billion in 2011). If we
separate exports of final goods versus that of intermediate goods (reported in columns
2a and 2b of Table 9), we see that most of the Chinese exports consist of final goods,
whereas most of the US exports consist of intermediate goods.

We provide a decomposition of the trade flows for selected years (1995, 2005,
and 2011) in columns (3)-(7) of Table 9. More precisely,

Column (1) = (3)+(4)+(5)+(6)+(7), where column (3), DVA, represents the
exporter’s domestic value added that is ultimately absorbed by other countries,
including both the direct importing country and other foreign countries; column (4),
RDV, is the part of domestic value added initially exported but ultimately returned
home and is absorbed at home; column (5), MVA, is the part of the FVA that comes
from the direct importing country; column (6), OVA, is the part of the FVA that comes
from third countries; and finally, column (7) is the pure double counted items.

Column (3) = (3a) + (3b) + (3¢), that is, the DVA part is further decomposed
into DVA in final goods, DVA in intermediate goods absorbed by the direct importer,
and DVA in intermediate goods re-exported and ultimately absorbed in third
countries.

The decomposition results show that the US and Chinese exports have very
different value-added structures. First, the DVA as a share of the gross exports is
much higher for the US exports (81% in 2011) than for the Chinese exports (about
70% in 2011)°. Second, correspondingly, the FVA share (MVA+OVA) is higher for the
Chinese exports than for the US exports. This is especially true for the OVA share in
China. In other words, the US exports rely overwhelmingly on its own value added

(only 2.1% from China and 5.8% from other countries in 2011), whereas the Chinese

& Because WIOD data do not distinguish processing and normal trade, the domestic value added share
for China is likely to be overestimated (Koopman, Wang and Wei, 2012).
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exports use more foreign value added, especially value added from third countries
(with 3.2% from the United States and 23.1% from Japan, Korea, and all other
countries). Third, whereas the RDV share is trivial for China, it is non-negligible for
the United States (7.0% in 2011). This again reflects the different positions the two
countries occupy on the global production chain. As the United States produces and
exports parts and components, it is on the upstream of the chain; part of its value
added in its exports returns home as embedded in imports from other countries. In
comparison, China is on the downstream of the chain; very few of its value added
comes home as intermediate goods in other countries’ exports. This also evidenced by
China having a much higher proportion of FVA used in producing its final goods
exports to the US, while the US has a higher share of FVA in producing its
intermediate goods exports to China.

The decomposition of DVA into (3a), (3b) and (3c) also reveals differences
between the two exporters. In particular, the DVA in the Chinese exports to the United
States is dominated by DVA in the final goods, whereas the DVA in the US exports is
dominated by DVA in intermediate goods that is absorbed by China and other
countries.

As a consequence of these differences in the structure of value added
composition, the China — US trade balance in this sector looks much smaller when
computed in terms of domestic value added than in terms of gross exports. In column
(8), we report forward-linkage based value added exports, or VAX F. Because this
concept captures value added originated in that sector in all downstream sectors of
exports from the exporting country but excludes contributions of value added from
other (upstream) domestic sectors to the electrical and optical equipment sector, it is
generally not the same as DVA at the bilateral sector level, and in our application,
VAX F is smaller than DVA (This is generally true for downstream sectors).

In column (9) of Table 9, we report backward-linkage based value added
exports, VAX B, reflecting all the exporting country’s value added (from all upstream
sectors) that is exported via this sector and absorbed by the direct importing country,

including value-added embodied in the source country’s gross exports to third
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countries, but finally absorbed by the partner country. Because the exporter’s
domestic value added that is exported to and absorbed by a particular partner country
indirectly via third countries can be either larger or smaller than the exporter’s
domestic value-added embodied in its intermediate goods re-exported by the partner
country and absorbed by third countries, VAX B (e.g., 76.4% and 85.3% for Chinese
and US exports in 2011 respectively ) at the bilateral sector level is generally different
from DVA (69.6% and 80.8% of Chinese and US gross exports in 2011 respectively).
We report the US-China bilateral balance of trade in electrical and optical
equipment sector by gross and the two value-added export measures in Figure 4. It is
important to understand that at the bilateral/sector level, DVA, different from both
VAX F and VAX B (both of them deviate from gross trade flows), is only part of
gross trade flows (so it is the only value-added measure that is consistent with
bilateral gross trade flows), but not a measure of bilateral value-added trade flows,
because it includes a portion of value-added that is absorbed by third countries (while

both VAX F and VAX B are absorbed by the importing countries).

Figure 4: China and USA Trade Balance in Electrical and Optical Equipment.
Unit: millions USD
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Table 9: US-China Trade in Electrical and Optical Equipment (WIOD C14)

Year TEXP TEXPF TEXPI DVA DVA _FIN DVA_INT DVA_Intrex RDV MVA OVA PDC VAX F VAX B
(1) (2a) (2b) €)) (39) (3b) (30) 4 ®) (6) ) (8) ©)
=2a +2b =3a+3b+3c
=3+4+5
+6+7

China exports to the United States

1005 Value 10,998 7,634 3,364 8,544 5,947 2,046 552 16 314 1,948 176 3,922 9,069
Share 100 69.4 30.6 7.7 54.1 18.6 5.0 0.1 2.9 17.7 1.6 35.7 82.5
Value 87,608 53,492 34,116 53,784 33,399 16,329 4,056 341 3,665 26,332 3,485 25,682 60,108

200 Share 100 61.1 38.9 61.4 38.1 18.6 4.6 0.4 4.2 30.1 4.0 29.3 68.6
Value 176,924 104,156 72,769 123,187 74,043 39,801 9,344 1,296 5,581 40,915 5,946 53,078 135,132

o Share 100 58.9 41.1 69.6 41.8 22.5 53 0.7 3.2 23.1 3.4 30.0 76.4

US exports to China
Value 3,400 1,284 2,116 2,691 1,097 1,215 379 182 13 383 130 1,746 3,288

9% Share 100 37.8 62.2 79.2 32.3 35.7 11.2 5.4 0.4 11.3 3.8 51.4 96.7
Value 16,402 3,845 12,556 11,926 3,264 5,072 3,591 1,777 231 1,251 1,216 8,748 13,779

200 Share 100 234 76.6 72.7 19.9 30.9 21.9 10.8 1.4 7.6 7.4 533 84.0
Value 35,059 10,584 24,475 28,314 9,377 12,195 6,742 2,470 718 2,044 1,513 23,754 29,896

2oit Share 100 30.2 69.8 80.8 26.7 34.8 19.2 7.0 2.1 5.8 43 67.8 85.3

Note: (3a) and (3b) equal T1 and T2, (3¢) equals the sum of T3 to T5, (4) equals the sum of T6 to T8, (5) equals T11+T13, (6) equals T12+T14 and (7) equals the sum of
T9, T10, T15 and T16 in equation (37) of this paper

TEXP notes value of total export goods, TEXPF and TEXPI note value of total final export goods and total intermediate export goods respectively, MVA is sum of MVA_FIN and MVA_INT,
OVA is sum of OVA_FIN and OVA_INT.
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4. Concluding Remarks

The major contribution of this paper is to provide a disaggregated accounting
method for gross trade at either sector, bilateral, or bilateral sector level. It generalizes the
framework recently proposed by KWW (2014) for a country’s aggregate exports. Our
new framework decomposes gross trade flows at any level of disaggregation into four
major parts: (a) domestic value added that is absorbed abroad, (b) domestic value added
that is initially exported but eventually returned home, (c) foreign value added, and (d)
pure double counting terms. The framework in fact allows one to further decompose each
of the four major parts above into finer components with economic interpretations. For
example, we can decompose FVA in a country-sector’s exports into different source
countries; we can also trace exports of value added by channels, whether they are
embedded in final goods exports, intermediate goods exports that are absorbed in the
direct importing countries, or intermediate goods exports that are re-exported and
absorbed outside the direct importing countries.

In order to do the decomposition at such disaggregated level, we have to solve a
major technical challenge of how to decompose bilateral gross intermediate trade flows
based on their final destination of absorption. This goes beyond the initial Leontief
insight that has been applied in the existing literature on the decomposition of final
demand and GDP by industry. We also point out two major shortcomings associated with
the VAX ratio concept widely cited in the literature and ways to overcome them.

By applying our disaggregated decomposition framework to bilateral sector gross
trade flows among 40 trading nations in 35 sectors from 1995 to 2011 in the WIOD
database, we produce a sequence of large panel data sets that can be used by other
researchers for a variety of topics. Because the full decomposition results takes up 20
gigabytes of space, we illustrate potential usefulness of the resulting data by a series of
examples that utilize different subsets of the overall decomposition output. For example,
we show how we may meaningfully trace the structural changes in the widely used
measure of vertical specialization, initially proposed by Hummels, Ishii, and Yi (2001),
over time. We distinguish a forward-linkage based measure of domestic value added

exports from a sector (that indirectly exports its value added through other sectors’ gross
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exports) from a backward-linkage based measure of value added exports (that includes
the value added contributions from other domestic sectors). Based on the decomposition
results, we can also correct some shortcomings of a popular measure of revealed
comparative advantage and derive a new measure that takes into account both domestic
and international production sharing.

In principle, when new countries or years are added to the WIOD database, or an
alternative inter-country input-output table becomes available, our accounting framework
can be applied as well. So the accounting framework developed in this paper is not
inherently tied to the WIOD database and can be a stand-alone tool to help us extract

useful information from official trade and national account statistics.
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Quantifying International Production Sharing at the Bilateral and Sector Levels
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Online Appendix
Appendix A: Relation between Global and Local Leontief Inverse Matrices

Define local Leontief inverse of Country s as:

-1
SS SS SS SS
LSS = |:I11 I12} _ F—_ a; —a; }
SS SS SS SS
|21 Izz —ay 1_a22

and note that it is actually the inverse of the block diagonal matrix in the global 10
coefficient matrix A in equation (2) of the main text. Then the following proposition

gives the mathematical relation between the block diagonals of global Leontief

SS SS

) ) b b ..
inverse matrix B* ={ 11 143”‘1 the local Leontief inverse L**:

SS
21 22

Proposition: if both B*and L* exist then
B* > L*and B* — L* = L*A*B"™ >0. (A1)

B* =L* ifand only if when A* =0or B™ =0.

This proposition plays an important role in the decomposition of gross exports at
the sector level and to the understanding of the difference between trade in
value-added estimates from an ICIO table and a national 10 table. We give a step by
step proof in the 2-country, 2-sector setting bellow and extend it to an N-sector and
G-country setting in Appendix J.

Proof:

Based on the property of inverse matrix:
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From (A2), we can obtain the relationship between the block diagonals in the global
(inter-country) Leontief inverse matrix B and the local (country) Leontief inverse

matrix L as the following equation:

SS SS SS SS sr sr rs rs
F—_ a; —ap }|:b11 b12j| _ {1 0} _ {an a }{bn b12j| (A3)
SS SS SS SS sr sr rs rs
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Multiply L* for both sides, we have
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Because all elements in| ** 2 |, A | g | P D2 | g non-negative,
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B**is total output requirement coefficients of Country s by one unit increase
of its production of final goods, L*is total output requirement coefficients of Country
s by one unit increase of its production of final good using domestic intermediate
goods, and B® — L*is total output requirement coefficients of Country s by one unit
increase of its production of final goods via its intermediate goods trade. A* =0Qor
B"™ =0 means there is only one country exports intermediate goods and only in such
condition trade in value-added estimates from an ICIO table will be the same as that

from a national 10 table.

Appendix B: Derivation of decomposition equation of Country r’s gross exports

The gross exports of Country r can be decomposed into two parts: final goods
A2



exports and intermediate goods exports:
e | LYz (3 an] X
Based on equation (3a) in the main text, Country s’ gross output can be decomposed
X; _ X+ X,
X, X5 + X5
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Inserting equation (B2) into the last term of equation (B1), we can decompose

as

(B2)

Country r’s gross intermediate goods exports according to where they are absorbed:
ay A, | % |_|an ap|by by |y ey aj; |b b3y
A | X ] [ Ay by by | [a; ay by byys
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From equation (2a) in the main text, Country s’ gross output production and use

QD

(B3)

balance condition, we know
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(B5) can be re-written as
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Therefore, the intermediate goods exports by Country r can also be decomposed
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into two components according to where it is used similar to a single country 10
model:

rs rs S rs rs SS SS SS rs rs SS SS sr
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From equation (6) in the main text, we can obtain Country r’s domestic and
foreign value-added multiplier as follows:
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In a single country 10 model, Country r’s domestic value-added multiplier can

be calculate as
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Using equations (B8)-(B10), and defining “#” as element-wise matrix

multiplication operation, the value of Country r’s gross intermediate exports can be
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decomposed as
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Finally, based on the Leontief insight, Country r’s final goods exports can be

decomposed into domestic and foreign value-added as follows:
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Insert equations (B3) and (B7) into equation (B11), and combining equations

(B11) and (B12), we obtain Country r’s gross exports decomposition equation as:
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[y, ryprr rpre | [ 4rs rs [ asr st [y, rs ]
Vl Ill + V2I21 a'll a12 bll b12 yl

ryrr ryrr rs rs sr sr rs
_Vl I12 +V2I22_ _a21 a22__b21 bZZ__yZ _
[N PR | rprer ryrer 4TS rs s
+ {Vl bll +V2b21 _{Vl Ill +V2I21:| # all a12 :||:Xl :|
Farr Farr ryrr ryrr rs rs s
Vl b12 + VZ b22_ Vl I12 + V2I22 _a21 a22 X2
S| ST Sy S rs Sy ST S| ST rs rs ss ss ss
+|:V1 bll +V2b21j|#|:yl :| +|:Vl bll +V2b21:|#|:all alZ :||:Ill I12 :||:y1 :|
Sy ST Sy S rs S|y S S| ST rs rs ss ss ss
Vl bl2 + V2b22 y2 Vl blz + V2 b22 a21 a22 IZl I22 yZ
1
+ [

S|y SI S|y SIF rs rs SS SS sr

viby +voby |l a1 | e

VSbSI’ VSbSI’ # rs rs I SS I SS sr (813)
10 TVoD5 | 8y 8y |l 1578

Appendix C: Domestic content of Country s

+

Since the 2"-6™ terms of equation (22) sum to domestic content of the 1% and 2"

sector’s intermediate exports of Country s.
S| SS S| SS sr Sr rr rr rr S| SS S| SS sr Sr rr rr rs
|:V1 Ill + V2|21j|# |:a11 a12 }|:b11 b12 i||: yl j| + |:V1 |11 +V2|21j|# |:a11 a12 j||:b11 b12 :||:y1 j|
S| SS S| SS sr sr rr rr rr S| SS S|SS sr sr rr rr rs
Vl IlZ +V2|22 a21 a22 b21 b22 yZ Vl IlZ +V2|22 a21 a22 b21 b22 yZ
S| SS S| SS Sr sr rs rs SS B S| SS S| Ss sr sr rs rs sr
_|_|:V1 Ill +V2|21:|# |:a'11 a12 :||:b11 b12 :||: yl :| + Vl Ill +V2|21:|# |:all a‘12 :||:bll b12 :||:y1 :|
S| SS S| SS Sr Sr rs rs SS S| SS S| SS sr sr rs rs Sr
Vl I12 +V2|22 aZl a22 b21 b22 y2 _Vl |12 +V2|22 a21 a22 bZl b22 y2

S|aSS S|y SS spss sy ss sr st yr]
4 |:V1b11+V2b21}_{v1|11+\/2|21:| # {an A, || % (C1)

S|y SS S|y SS HES S| ss sr sr
Vl b12 +V2b22 Vl |12 +V2|22 a21 a22__X2

IS S| ss sr sr r S| SS SRS | S| ss S| ss sr sr r
— Vl Ill +V2|21:|# |:a11 a12:||:xl :| + |:V1 bll +V2b21 _|:V1 I11 +V2|21:| # |:a11 a12:||:xl :|
HES S| ss sr sr r S|y SS S|y SS HES HES sr sr r
_Vl |12 +V2|22 a21 a22 X2 Vl b12 +V2b22_ Vl I12 +V2|22 a21 a22 X2

[\, S|sS S|y SS sr sr r
— Vl bll +V2b21}# |:all alZ :||:Xl:|

S|y SS S 55 sr sr r

_Vl blZ +V2b22 a21 a’ZZ XZ

Adding the first term of equation (22) into equation (C1), we obtain the domestic

contents of Country s’ gross exports:
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S|y SS S|y SS [\, sr S|y SS S|y SS sr sr r
|:V1b11 +V2b21:|# yl }+|:Vlbll +V2b21:|# |:a11 a12:|{xl:|
S| SS S|y SS sr S| SS S| SS sr sr r
Vl b12 +V2b22 _y2 Vl b12 +V2b22 a‘21 a22 X2

2
_ vihsses’ (CZ)
S|a SS S|a SS sr 1<
_|:V1b11+V2b21 # e | Z.: H
= =2
v b +vobss e’ S}y SS 4 ST
12 TVolys || & Zvi bses
i

Appendix D: Consistency between Equation (22) in this paper and Equation (13)
in KWW (2014)

From equation (22), the decomposition of Country s’ exports from its 1% sector

can also be presented in scalar and summation notations:

rr rr 118

SS Sr S| SS S| SS sr 2 yl
e = (viby +vsb30)y; +(V1|11+V2|21)[a11 a’12j1:brr b"]{ rr]
b1 Y

1 Y s o |0
V5l a vl + Vsl
il Z{bﬂ bz’JLJ el Lz’i bz’Z]LGS]
S| SS sr brs s ysr S|4 SS S|4 SS S|SS sr ]
+(V1|11+V2I21)[311 a’le‘:;é bé}{ 1srj|+[(vl 1+V2b21)_(V1I11+V2|21)][311 a'12j1: lr]
21 22 2

2

rs s rr Il’r yrr
+ (Vi +Valy) vy + (v 1+V2b21[ 1 a12L,r Ilrzr][ 1]
22

Yo
ool ] 1
Re-arrange
g = iv bry:" + ZV. IFSZZafjbj; Vi + ZV. I“ZZaf,'bjk' Vi
+Zv,lfszz a;bly;e +zv,|sszz ey +Zv (b -1 za;;; (D1)
+ ZV.’b.’fyf“ + Zv{b{f;; Al + in{biT;ZafI i

In matrix notation
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SS

rr

ss ss ss sr T iarr rr
sro_ S S bll b12 yl S S 11 I12 all alZ bll blZ yl
& = 2 b  pss 0 Vi Y, [$ ]SS 0 0 llb" b rr
21 22 21 22 dLM21 22 y2
_ ss ss |[ . sr sr| rr rr rs rs rs | ,ss
+ VS VS Ill |12 all a‘lZ bll b12 yl + bll blZ yl
"1 2] yss ss rr rr rs rs rs ss
lr L) 0 0 J{[ba b ]lYe by by | Y
) [ ss ss |[ ST st [ ars rs sr
S S Ill |12 all a‘12 bll blZ yl
+ .Vl V2 IS ]SS 0 0l b sr
21 22 B 21 22 y2
_ bss b [ | a¥ as [ x (DZ)
+ VS VS 11 12 | |11 12 11 12 1
71 2 bss  pSs [ |8 0 0 |l x'
21 22 21 22 2
_ rs rs [y, sr rs rs sr sr rr rr rr
+ VI’ VI’ bll b12 yl + [VI' VI’ bll blZ a’ll alZ Ill |12 yl
"1 2 rs rs 1 2 rs rs rr rr rr
_bZl b22__ O bZl b22 0 O |21 |22 y2
i [IaTs rs |[ 4 sr sr rr rr rs
r r bll b12 a’ll alZ Ill |12 el
Vi Vs rs rs rr rr rs
bZl b22__ 0 O |21 |22 eZ

Similarly, the decomposition of Country s> 2" sector exports to Country r can be

presented as

ss ss ss ss A jarr rr rr
oSt — [VS Ve by b | O +[VS Ve Iy 15| 0 0 |Iby b |y
2 — [ 2 b PSS sr 1 2 [ ]SS a¥ a b’ pr rr
21 22 y2 21 22 21 22 . M21 22 yZ
_ I yss ss | 7 rr rr rs rs rs || +,ss
+ VS VS Ill I12 O O |:bll b12 :||:y1 :|+|:bll b12 |:y1 :|
"1 2] rss ss sr sr rr rr rs rs rs ss
_|21 I22_ a21 a22_ bZl b22 y2 bZl b22_ y2
) Iyss ss | A ars rs sr
+ VS VS Ill |12 O O bll b12 yl
| "1 2] ss ss sr sr rs rs sr
_|21 Izz__a21 a,; | by by | Y5
_ Ao bss IS5 | 0 0 Txr (D3)
+ VS VS 11 12 11 12 1
L1 2 bss b [ss|ss a’ a¥ | x
21 22 21 22 21 22 2
) TIars rs | rs rs rr rr rr
v by bj| 0 +[Vr i by bj | 0 0y 17|y
"1 2] b’s  p's sr 1 2 b’s  prs a¥ av e rr
L~21 22__y2 21 22 21 22 21 22 y2
o fbn om0 o anTer
+ .Vl V2. b’s  p's a¥ a [ rs
[P21 Dyl Qo | ln 15 ][ &

Adding up equation (D2) and (D3), we can get the decomposition of Country S’s

total gross exports:
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SS SS sr SS SS sr sr rr rr rr
esr+esr_[vs Ve by by ||y +[VS v Iy 15 ay ap by by |y
1 2 71N 2 bss bss sr 1 2 Iss Iss sr sr brr brr rr
2 P | Y 21 M2 |81 8y [0 Dy |l Y2

ss ss sr sr rr rr rs rs rs ss

+ [VS VS Ill IlZ all a12 bll b12 yl + bll b12 yl
1 2 518 [as a b b rs b's pr ss

21 22 21 22 21 22 y2 21 22 y2

ss ss sr st rs rs st
+ [Vs s{lll I, }|:all a;, }{bn by, j||:yl }
1 2] s ss sr sr rs rs sr
Iy 15508 ay by by |y, (D4)
ss ss ss ss sr st r
+ [VS VS bll b12 _ Ill I12 all alZ Xl
1 2 b P [s5]5 sr sr r
21 22 21 22 a21 a22 X2
rs rs sr rs rs sr sr rr rr rr
r r bll b12 yl r r bll blZ all a12 |ll |12 yl
TV Y, b's prs sr TV Y, b's prs sr Sl I A rr
21 22 y2 21 22 a’Zl a22 21 22 y2

rs rs sr sr rr rr rs

+[Vr v by by fay a, |l 1 e
1 2 b’s prs sr st rs

21 22 aZl aZZ 21 22 eZ

Based on the definition of Leontief Inverse matrix in equation (3a) in the main

text, the following identity holds:

by b, bi by|l-a; -a; -a; -a;| |1 000

b b by by -a; l-a; -a; -a,|_ 0100

b; b b bj| -af -aj 1-af -aj| [0 0 10

by by by by -a; -a; -a; l-ay] [0 0 01 05
l1-a; -a, -a; -—a; by b, by by

_| "3 1-a; —a; -ay | by by by by

| -af -al l-af -aj b b b by
-8 —a,;  —ay l-ay by by by by

Express in block matrix, equation (D5) becomes
1-a; —a; |by by | |ag aj|b; by

SS sr sr sr sr rr rr
__a21 1_a22__b21 b22 ay, a22_ b21 b22

Il
(@)

B ss ss |[jass ss | [ Asr st [ jars rs’|
1- a; —a; b11 b12 a;; a, b11 b12 1
SS SS SS sr sr rs rs
L —ay 1- a22__b21 bzz_ _a21 azz__b21 bzz_ 01

IS ss ss ss | [jasr st [ Ars rs |
b11 b12 1- a;; —a; b11 b12 a,; 4, 10
SS SS SS SS sr sr rs rs
_b21 bzz —ay 1- azz_ _b21 b22__a21 azz_ 01

With rearrange, we have
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sSr sr SS SS sr Sr rr rr
b11 b12 _ 1_a11 —a; a; ap, bll b12
sr sr SS SS sr sr rr rr
b21 b22 —ay 1 a,, Ay b21 b22
ss ss |[ A sr sr rr rr
_ I11 IlZ a; ap, b11 b12
Ly 1alas ax, b, by
-1 —
SS SS SS SS SS SS Sr
b11 b12 _ 1_3-11 —a; _ 1_a11 -4, G
SS SS SS SS SS SS sr
b21 bzz —a 1_3-22 —a; 1_a22 ay;
SS SS sr sr rs rs
_ I11 I12 a,;, a, b11 b12
SS SS sr Sr rs rs
I21 |22 ay; dy b21 b22
SS SS SS SS Sr sr rs rs
b11 b12 1_a11 —a; _ b11 b12 a, 12 1-
SS SS SS SS sr sr rs rs
b21 b22 —ay 1_a22 b21 b22 a; Ay
bST bSr ars ars ISS ISS
M 12 11 12 || 12 N2
- sr Sr rs rs SS SS
b21 b22 a Ay |21 |22
Combine equation (D7) and (D8):
SS SS SS SS SS SS sr sr rs rs
b11 b12 I11 |12 _ |11 I12 a; a4, b11 b12
SS SS SS SS SS SS sr Sr rs rs
b21 b22 |21 |22 |21 I22 ay; Ay b21 b22
Sr Sr rs rs SS SS
_ b11 b12 a;; a4, I11 I12
by by flan an|ln 13
Insert equation (D6) and (D9) into equation (D4):
SS SS sr sr Sr rr
sr sro__|\,s s bll blZ yl S s bll blZ yl
€ +€ =V, 2 +Vp 2
bSS bSS sr bSr bSr rr
a1 Dl Y, a1 0l Y,
T st st [y, rs sr st [ Ars rs ss
+[Vs Ve by by |y, -I-[Vs Ve by by |a; aj |l
1 21 \sr sr rs 1 2 sr sr rs rs ss
_b21 b22_ Y, b21 bzz__a21 ay, |21
T st st [ ATs rs |[yss ss | y,sr |
_I_[Vs VS by by ja; as |y 15|y
1 2 |
[X EERECY [F 7Y
sr st [ AT rs |[yss ss |[ 4 sr sr r
_I_[Vs Ve b11 b12 a; a, I11 |12 a; A, | X
1 2 sr sr rs rs ss ss sr sr r
b21 bzz_ ay a22__|21 Izz__a21 ay, || X;
__brs brs__ysr sops s sl
TR et B O e il
101 D |1 Yo 21 M22 21 22 ] "1
Thrs rs [ 4 sr sr rr rr rs
+[Vr i by bjfa; a;|l; l;|e
1 21 s rs sr sr rr rr rs
_b21 b22__a21 ay, |21 I22 €,
Re-arrange:
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—ay

(D6)
aj | b b
A L [,
SS ss L
a; —a,
ss 1_ass
22 (D8)
(D9)
H
B
(D10)
12 | Vi
122 ] Y2



b b sr bs b rr
esr — esr +esr — [VS VS 11 12 yl + [VS VS 11 12 yl
1 2 1 2 bs b sr 1 2 bs"  pr rr
21 P |l Yo 21 Dy || Y2
s oslP b YU | [ s1b bnfal an iy 1|y
+ [Vl V2 b b rs + [Vl V2 b b rs rsofgss s ss
21 P2 |l Y2 21 Do |8y 8p |l lor 12 |LY:
sr st [ A4rs rs ss ss sr
n [VS Vv by by fa; ap|ly 15| e (D11)
1 2 b b llar a1 s | e
21 22 || 721 22 21 22 2
SRS LS o 7 B RS B il - Y P P
+ [Vl V2 b prs sr + [Vl Va b’ b= las’ as |1 | re
21 22 _y2 21 22 21 22 21 22 y2
rs rs [ A sr sr rr rr rs
+ [Vr Vr bll b12 all alZ Ill I12 el
1 2 b’ b llas as [1Im 1" (e
21 22 %21 22 21 22 2

It is an extension of equation (13) in KWW from a 2-country, 1-sector case into a

2-country, 2-sector case.

Appendix E: Numerical Example: the 2-country, 2-sector case

Suppose a simple 2-country, 2-sector ICIO table as summarized in table below:

Intermediate Uses Final Uses
Country Gross
S r s ;
Y Y Output
Country | Sector sl S2 rl r2
q sl 1 1 0 0 1 0 3
s2 0 1 0 1 0 1 3
i rl 1 0 1 0 0 1 3
r2 0 0 1 1 1 0 3
Value-added 1 1 1 1
Total input 3 3 3 3

Gross intermediate and final good exports matrix is:

0 0| |0 0] |00

0 1/ 10 1] |0 2
E=ElI+EF = + =
100 (00] (10
0 0f |1 0] (10
The direct input coefficient matrix A, Global Leontief inverse Matrix B and Local

Leontief inverse matrix L and direct value-added coefficient vector V are
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/3 1/3 0 0 8/5 4/5 1/5 2/5

0 w3 0 13 . 1/5 8/5 2/5 4/5
11/3 0 1/3 0 “14/5 2/5 8/5 1/5
0 0 1/3 1/3 2/5 1/5 4/5 8/5
3/2 314 0 0
0 3/2 0 0
L= V=[l/3 13 U3 13
0 0 3/2 0
0 0 3/4 3/2

The block matrixes are defined below:

sr Sr sr O 0 0 rs s s 1 0 1
EY=HEI"+EF" =| |+| |=| _|[,E°=EI"+EF"=| |+| |=| |,
11 (1] |2 0] |1] |1
SS 1 rr 1 sr sr O rs s O
Y* = |,Y"=|_ |, Y'=EF" = |,Y°=EF"=
0 0 1 1

[1/3 1/3 0 0 13 0 13 0
ASS: , Asr: 1AFS: , Arr: ,
0 13 0 1/3 0 0 1/3 13
g |85 48] oo [VUS 205] . [4/5 28] . [8]5 15
|5 8/5)" ~ |2/5 4/5)" © |2/5 15| |4/5 8/5)
3/2 3/4] 3120
L* = , L= ,VE=[U3 13V =[u/3 13
0 3/2 314 312

Based on equations (17)-(19) in the main text, the total value added coefficients

can be computed as

(voB=) {1/3 1/3{ 4/5} =[3/5 4/5] =

13/5]
4/5

[1/5]
215

1/5 2/5]]"

(B ) ={[/3 1/3{ =[1/5 2/5] =

2/5 4/5

2/5 1/5 1/5

8/5 1/57)"
Brr {1/3 1/3{

4/5 8/5 1 3/5

[4/5
=[4/5 3/5] = / }

415 2/5] [2/5]
(o) {1/3 1/3{/ / } [2/5 1/5] = /
T

(\/SL*’S)T={[1/3 1/3{3/2 3/:}} =[1/2 3/4F=E//ﬂ

All



)
vy =dws w3 ¥ 0 _pra v < ¥
3/4 3/2 1/2

Based on equation (12) in the main text, Country s’ intermediate exports to

Country r can be split as

0 0 |8/5 1/5|1 0
AsrBrrYrr: —
{o 1/3}{4/5 s/s}M {4/15}

0 0 1]8/5 1/5]0] [ O
AsrBrrYrs: —
0 1/3 _4/5 8/5] 1 _8/15

oo [0 045 2/5T1] [ O
ATBY® = -

0 1/3]2/5 1/5]0] [2/15
wonoe [0 0T4s5 2/5T0] [ 0
ATBTY S = -

0 1/3]2/5 1/5)|1]| |1/15

Adding up the four ABY above, we can get the Country s’ intermediate exports
sr O
to Countryr, EI™ = {J :

Country s’ intermediate exports to Country r can be also split as

winow [0 0372 0T1] [0
ATLTY T = -

0 1/3]3/4 3/2|0] |1/4
wn . [0 0T3/2 0T71] [0
ATLTE" = -

0 1/3)3/4 3/2|1| |3/4

Similarly, Country r’s intermediate exports to Country s can be split as

IS SSy/ SS 8/15 s Ssy sr 4/15
A"B®Y * = ,ASBY " = ,
0 0
rspshy rr 1/15 rspsry rs 2/15
A"BY" = L ASBY " = ,
0 0

1/2 1/2
Ars LSSY SS — , AI’S LSS E sr —
0 0

Using decomposition equation (22), we can fully decompose Country s and r’s
gross exports into the nine value-added and double counted components as reported in

following table
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Gross exports decomposition results: 2-country, 2-sector numerical example

E T1 T2 T3 T4 T5 T6 T7 T8 T9 VAX_ F  VAX B VAXB VAXF
J&N Wwz Ratio Ratio

sl 0 0 0 0 0 0 0 0 0 1/3 0 0% ©
s2 4/5 1/5 2/5 1710  1/20  1/20 1/5 120 3/20 213 1 50% 33%
rl 0 2/5 1/5 120 1/10  1/20 0 1/10  1/10 1/3 2/5 40% 33%
r2 3/5 0 0 0 0 0 2/5 0 0 213 3/5 60% 67%
S 4/5 1/5 2/5 110 1/20  1/20 1/5 120 3/20 1 1 50% 50%
r 3/5 2/5 1/5 120 1/10  1/20 2/5 1/10  1/10 1 1 50% 50%

Detailed computation is listed below:

Sr S SST Sr 3/5 O O
T =t e - ar5]"| 1] | ar5

1/21 ] o ][O
-I-zsr:(VsLss)T#(ﬂsrBrrY”): 3/4 # 4/15 = 1/5:|

[1/2]1] o] O
T = (o) #(AB Y ")= aralg1s| = 2/5}

2], 07 [ o
T = (oL #(aBey =)= {3/4H2/ 15} ) L/m}

sr S SST Sr r sr)__ 1/2 O _ O
T = (o) sty ){3/4}#{1/15}{1/20}
sr __ S SS_ S SST sr)__ 3/5 _ 1/2 0 — O
T =(voB® v L) #(El )_{4/5} {3/4}}#{1}{1&0}
e e 22 0
15| 1] |15

[2/5],[ 0 0
TSSr :(VrBrs)T#<ArsL55YSS)= 1/5 #|:1/4:|:|:1/20:|

2/5],[ 0 0
Tgsr _ (VrBrs)T #(ArsLssESr)I |:1/5:|#{3/4:| - |:3/20:|

Adding up the nine components above, we can get the Country s’ sectoral
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0
exports to Country r, E :{2}.

Similarly, Country r’s sectoral exports to Country s can be fully decomposed as

(o7 _. [e,s] .. [us] _. [u20] _. [110
T]_ = 1 T2 = H T3 = 1 T4 = 1 T5 = 1
3/5 0 0 0 0
1/20 0 1/10 1/10
T6rS — , T7rs — , T8rS — , T9I’S —
0 2/5 0 0

Adding up the nine components above, we can get the Country r’s sectoral

1
exports to Country s, E™ = L} .

Country s’ forward linkage and backward linkage based VAX to Country r can be

estimated as:
1/3 8/5 4/5|0| |1/5 2/5|1 1/3
VAX F* = # n _
- 1/3 1/5 8/5(1| |2/5 4/5]|0 2/3
0
VAX _ B =T +T," = {J
So the VAX ratio for Country s’ exports to Country r can be estimated as
. 00 . 0
VAX _F*'ratio = VAX _B* ratio=
o7 M

This example shows that the two measures of value-added exports only equal
to each other at the aggregate level and are different at the sector level. It also shows
that when a sector does not have gross exports (S1), but its output is used as
intermediate inputs for the other domestic sector that exports (S2), we will have an
infinitive VAX_F ratio. Only the new backward linkage based VAX_B ratio defined
in this paper has the desired property and economic interpretations at the

country-sector level as we demonstrate both analytically and numerically.

Appendix F: The relation between domestic value-added in a sector's gross
exports and exports of value-added created from that sector: 2-country, 2-sector
case

As discussed in the main text, there are two type measures of domestic
Al4



value-added exports at the sector level. Technically, the two type measures are

computed by aggregating the VBY matrix along different directions. The first

measure is based on the forward linkages in the 10 literature by summing up the

off-diagonal elements across the columns along the rows in the VBY matrix. It

measures how a country's GDP by industry is used to produce exports that are
absorbed by the destination countries. It is consistent with the factor content method
in the international trade literature and is the same as what is defined in Johnson and
Norgera (2012)

The second measure is based on backward linkages in the 10 literature by

summing up the off-diagonal elements across the rows along the columns in the VBY

matrix. It decomposes a particular sector’s final products according to its value-added
sources. It measures each source country's value-added embodied in particular
sector’s gross export flows absorbed by each destination country, regardless of
value-added creating sectors in the source country. This measure is consistent with the
GVC case studies in the literature. At the country aggregate bilateral level, these two
value-added trade flow measures are exactly the same, but at the sector level they are

quite different.

Without loss of generality, let us use Vt' to denote value-added exports by the

1% sector of Country s (producer’s perspective, forward linkage based) and Vt(e;")
as Country s' domestic value-added in the 1% sector's gross exports that is absorbed in
Country r (user perspective, backward linkage based). Then vt and vt(efr) can be
fully decomposed as follows:

oy O{bfi bfé}[yf'}r[vs O{bf{ bf’é}{yf}
1 ss ss sr 1 or sr r
by by LY, by by |l Y2 (F1)

SS,,Sr Sry,Ir Sry,Ir

S S|4 SSy,Sr S S
=Vlb11y1 +Vlb12y2 +Vlbllyl +Vlb12y2

which is an extension of equation (9) of KWW in the two sector case.
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T T
S|y SS S|y SS sr S| Ss S| Ss sr Sr rr rr rr
Vt(esr)— |:V1 1 +V2b21} Pﬁ :|+|:Vl |11 +V2|21} {au a12}r)11 b12:||:yl }
1 - S|y SS S|y SS S| SS S| SS rr r rr
Vi blZ +V2b22 0 Vi I12 +V2|22 0 0 b21 bzz Y2 (F2)
2 2 2 2
S|y SSy,SI S|hSS,,SI S| Ss SI[ Iy, IT S| SS SI/ Iry,IT
=Vib Yy + Vb Yy +Vllllzza1i bij Yi +V2|21zza1i bij Yi
i i

which is part of the first two terms in equation (22) in the main text.

Based on equation (D6), we have:

sr sr [s5 |5 sr sr re re
sr__ _ | "1 12 a11 a12 1 2 | _sspasrprr
B _|:bsr bsr}_|:|ss Issi|{ sr sr:||:brr brr}_l‘ A'B (F3)
21 22 21 22 aZl a'22 21 22

Inserting equation (F3) into equation (F1) and re-arrange, we have
Vtisr :VlS BSSY Sr +V15 LSS ASI‘ BI’I‘Y rr

2 2 2 2 (F4)
S} SS, ,SI S}y SS,SI S| SS SMRxy Iy, I'r S| Ss SI_ I'ry,I'T
:V1b11 1 +V1b12y2 +V1|11§ ,2 & bij Yi +V1|12§ ,E ,azibij Yi
i i

Comparing equations (F2) and (F6), the first and third terms of the two measures
of value-added exports are the same. They are value-added created from the 1% sector
of Country s embodied in Country s’ 1% sector’s gross exports, or the direct

value-added exports of the 1% sector. However, the second and the last term of the two

measures are different. Therefore, the difference between vt and vt(efr) equals

2 2 2 2
v —vi(e )= [vfbf;y;' R I y;“} —[v;b;zyff IR S b yk"} (F5)
j ok i k

The two terms in the first square brackets of equation (F5) are the second and
last terms from equation (F4), representing value added created by the 1% sector of
Country s but embodied in gross exports of the 2" sector in Country s and are finally
consumed in Country r (indirect value-added exports of the 2" sector embodied in the
1% sector’s gross exports) and hence has no relation with the 1% sector’s gross exports.
The two terms in the second square brackets of equation (F5) are the second and last
term from equation (F4), representing the 2" sector’s value added that is embodied in
the gross exports of the 1% sector produced by Country s and is finally consumed in
Country r (indirect value-added exports of the 2" sector embodied in the 1% sector’s
gross exports). Unless these indirect value-added exports terms equal to each other,

Country s' value-added exports from its 1% sector cannot equal to its domestic
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value-added embodied in the 1% sector's gross exports absorbed in Country r.

Similarly, the difference betweenvt;” and vt(ejr)equals

vt;f—v(“){wb;yl +v2|;izza1:b.r Hv bSys +VI; zza;rb.r }(%)

It is easy to show that the sum of equations (F5) and (F6) equals 0. This means
that when aggregating the two sectors together, the difference between Country s’
value added exports and Country s' domestic value-added in gross exports absorbed in
Country r at the sector level cancels out. Therefore, at country aggregate, the two
value-added exports measures should equal each other.

Extending the equation (F5) and (F6) to the n-sector case, the value-added

exports to Country r produced by sector k of Country s, vt and the Country s'

domestic value-added in sector k's gross exports absorbed in Country r, vt(e;') can

be expressed as

Vi’ = kabff +ZV b yi" = kabff +ZZkalssa“b”yu (F7)

vi(es) = Zv, by + ZZZV, lag by, (F8)

It is easy to show:

= Sty 3 S sy sz 33 Sty | e

ik i | u ik ik | u

The two terms in the first square brackets of equation (F9) are other sectors'
value added embodied in sector k's gross exports produced by Country s and finally
consumed in Country r in final and intermediate goods respectively. They increase the
domestic value-added in sector k's gross exports. Similarly, the two terms in the
second square brackets of equation (F9) are the value added created by sector k but
embodied in other sectors’ intermediate goods respectively. Thus they reduce the
value-added created in sector k that can be embodied in sector k's gross exports.
Therefore, the two measures of value-added exports at the sector level are not equal in

general. Understanding this fact is important for us to define the value-added to gross
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exports ratio at the country/sector level properly. We will discuss this later in more
details when the third country effect can be explicitly accounted in a three country
model.

Following KWW (2014), we define a country's value-added exports differently
from “domestic value added in a country’s gross exports”. The latter is the sum of a
country's value-added exports and its domestic value-added that was first exported but
eventually returns and is consumed at home. The second concept only considers
where the value added is originated regardless where it is ultimately absorbed. In
comparison, a country’s “value added exports” refers to a subset of “domestic value
added in a country’s gross exports” that is ultimately absorbed abroad. Such a
conceptual difference naturally extends to the sector level measures and can be
computed from two different directions as the sector level measure of value-added
exports.

Based on the Leontief insight, and using equation (F3) and (A4) country s’ GDP

by sector can be decomposed as

V] b by ] Ll (U ballasn &b b fLy)

[, { i e anby b } yf} (F10)

sr rs
B2

ss ss sr rr rr

_|21 IZZ__aZl a‘22__b21 b22
_Vs_ _Iss Iss__ sr st [ ars rs| _yss VS IS5 ]S yss
I a1 I D el R A
V2 |21 |22__a21 a22__b21 b22_ _y2 V2 I21 |22 y2

Country r’s GDP can be expressed in a similar way:
comr Ao ST [ML [ 6T o ]
V2 bZl b22 y2 V2 IZl |22 a‘Zl a22 bZl b22 y2
{v{}# {Iﬂ lfé}{aﬁ ai’é}[bff bfémyfr} (F11)
Vo] (Ul laflas @ bn by flys
R R A
V2 |21 |22 aZl a‘22 b21 b22 y2 VZ |21 |22 y2

Subtracting global GDP from global gross exports yields residuals as follows:
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(F12)

Multiply u=[1,1], the unit vector with each terms at the left hand side of (F12) and

conceal similar terms in the right hand side, we obtain:

UE * +UE " —uGDP °-uGDP '
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T

r r| '
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Using the property of inverse matrix similar to equation (D9), we have
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rr rr rr rr rr rr rs rs sr sr
|: 1 :|_|:I11 I12:| =|:I11 I12:||:a11 a12:||: 1 2:|
rr rr rr rr rr rr rs rs sr sr
b21 b22 I21 |22 I21 I22 a21 a‘22 b21 b22
rs rs sr sr rr rr
— |: 2}{%1 aizj|{lll |12j|
rs rs sr sr rr rr
b21 b22 a‘21 a22 |21 I22

Inserting equations (D9) and (F14) into (F13), and re-arrange

(F14)

UE* +UE"™ —uGDP ®* —uGDP '

ss ss 11| e rs rs ysr alsr alsr o yrr
_ N S 1 | 12 1 r r 1 2 1 1 2 11 12 1
_2[\/1 v, |:bss bss:| |:|ss Iss:| |: sr:|+[vl VZ‘:brs brs:| |: sr:|+|: st sl rr
21 22 21 22 e2 21 22 y2 aZl a22 21 22 y2
-1
rr rr | [ers st sr yrs a'lrs a'lrs [ ] yss
r r 1 11 12 1 S S 1 2 1 1 2 11 12 1
+2[V1 V2 {brr brr:|_|:|rr Irr:| |: rs:|-|-[v1 V2:1:bsr bsr:||: rs + rs rsolss s ss
21 22 21 22 eZ 21 22 y2 a21 aZZ 21 22 yZ
s |ss $s ooy rr
—[VS Ve Yl B _[Vr V! N
1 2 [ ] ss 1 2 [ rr
21 22 yZ 21 22 y2

Equation (F15) shows clearly that besides the value added produced and

(F15)

consumed at home (the last two terms), which is not a part of either country's gross
exports, the seventh and eighth term in equation (22) of the main text (the second term
in (F15)), and the seventh and eighth terms in the gross exports decomposition
equations of Country r (the forth term in (F15)) given in equation (B13), are double
counted only once as foreign value-added in the other country's gross exports.
Because the third and fourth terms in (22) reflect part of the countries’ GDP, they are
not double counted from the global GDP point of view. In comparison, the first and
third term in equation (F15) (they are the same as the fifth, sixth and ninth term in
equations (22)) are counted twice relative to the global GDP since they are not a part
of either country’s GDP. This explains the reason why we would like to label the fifth,
sixth and ninth term in equations (22) as the “pure” double counted terms to
differentiate them from those double counted domestic and foreign value-added in
gross export statistics (the third, fourth, seventh and eighth term in the gross exports
decomposition equations). The pure double counted terms are greater than zero only
when there is two-way intermediate goods trade as pointed by KWW (2014).

Just as the sector level measures of value-added exports can be defined from
either the supply-side or user’s perspective (i.e., based on forward or backward

linkage), the sector level domestic value-added in gross exports can also be defined in
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these two different directions.
The user’s perspective measure for the sector level domestic value-added in
sector gross exports for Country s can be defined by directly taking the first four

terms from equation (22) as follows:

VSbSS +VSbSS ySr VSISS +VSISS aSr aSr brr brr yl’r
sty _ | ViR TV50 1 1l TVoly 11 G [P P W
dV(E ) - [Vsbss +V5b55 # sr + VSI SS +VSI SS # aSr asr brr brr rr
1010 V505, Y, 1l TVsls 21 Aoy [ Do Doy [ Y5
YRS syss | [ Asr SN rr [y, rs |
Vil + Vol #{ a; ap by by |y }

S| ss S| ss sr r rr rs
_V1|12 +V2|22_ aZl a‘22__b21 b22__y2 _

[\ ,spss syss | [ sr st [ ars rs [ y,ss ]
Vl Ill +V2|21 #{ a‘ll a’lZ bll blZ yl }

S| ss S| ss sr rs rs ss
_V1|12+V2|22_ _a21 a22__b21 b22__y2 i

. (F16)

Obviously, it is the domestic value-added portion of Country s’ gross exports.
To define measure of sector level domestic value-added in country s’ gross
exports from the producer’s perspective, we use the first four terms of equation (F10)

and insert equation (D9) into the forth term:
v = {Vf Hbfi bfé}{yfr}[vls }#{bf{ by }[yﬁ}
Vol Lo b lly2 | [Va] (b by |lys
{VE}#{bf{ bfé}{yf}[vq# {[bfi bf;HIf: lfzmyﬂ
Vo] Lo b Yo ] Vo] (b b2 [l L))y

In fact, they are equivalent to summing up the VBY matrix across columns along

(F17)

the rows and then subtracting the part of domestic value added that is directly
consumed at home, as the last item is not a part of the either country's exports as
shown in equation (F15). Equation (F17) is a generalization of equation (22) in KWW
to a two-country and two-sector setting. Detailed derivation is given bellow.

Based on equation (F17), the aggregation of domestic value added in the two

sectors' exports can be presented as
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et M DL e T
vi o bzl el les by
vil Loz ealye ] vl lles ) L sy

b Ty b b (F19)
S S SS SS ySr ] s sr sr yrr
bl DL

b21 b22_ Yo | b21 bzz Y,
e R e R e

b21 bzz__yz_ b21 b22 |21 Izz Y,
Insert equation (D9) into (F18)
o feled [ et |4

bZl b22 y2 b21 b22 y2 (Flg)

sr sr rs sr sr rs rs ss ss ss

+[VS Vv by 2 | V1 +[VS Ve by > e an |l 1o | n
1 2 bs' b rs 1 2 b b llas as |1 | ss
21 22 yZ 21 22 21 22 21 22 yZ

It is easy to see that equation (F19) is the extension of equation (22) in KWW

into a 2-country, 2-sector case.

Appendix G: Derivation of Equation (31) in the main text using detailed matrix
notation

From a three-country two-sector ICIO model we can obtain Country r's gross

output decomposition in terms of all country’s final demand as follows

HH3
b7y}
r rs+er+ rt - 17]
et ree wgeo-pry (@
X5 X"+ X + X, Z Zbggygu
17
u g j

Therefore, the gross output of Country r can be decomposed into the following nine

components according to where they are finally absorbed:

r rs rs | ,ss rs rs | ,sr rs rs |, st
{&}[ ; {VI}{ P obS yl}{ P bj yﬂ
r rs rs ss rs rs sr rs rs st
XZ bZl b22_ y2 bZl b22__y2 b21 b22__y2

[Carr rr [y, rs ] rr rr ][, ] rr re rt]
y y y
+ bri brzr 1rS + br:: brf lrr + br]r- bri lrt (GZ)
1020 DOy || Y2 | b1 D | Y2 | b1 D | Y2 |

rt rt [ ts rt rt [\ tr rt rt tt
N yl}{ LY yl}{l ﬂ[yl}
rt rt ts rt rt tr rt rt tt
_b21 bzz__yz b21 bzz__yz b21 b22 Y,
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Insert equation (G2) into the last term of equation (10) in the main text, we can
decompose country s’ gross intermediate goods exports according to where and how

they are absorbed as follows:

sr sr r sr sr rr rr rr sr sr rt rt tt
{an am}{xl}{au aﬂl ﬂ{m}[aﬂ aiz}{l ﬂ{yﬁ
sr sr r sr sr rr rr rr sr sr rt rt tt
aZl a22 XZ aZl a22 bZl b22 y2 aZl aZZ bZl b22 y2
[ 4sr st [ arr rr [y, rt ] [ 4sr st [ jart rt ][, tr
+ all a12 1 2 yl + all a12 1 2 yl
sr sr rr rr rt sr sr rt rt tr
e azz__b21 b22__y2 1 ax a22__b21 b22__y2 (G3)
[ 4 sr st [ arr rr [ y,rs ] [ Asr st [ yart rt [\ ts ]
REEA L AR Lt z{yl
sr sr rr r rs Sr sr rt rt ts
e a22__b21 bzz__yz I azz__b21 bzz_ Y, |
[ sr st [ ars rs [ y,ss| [ 4sr st [ ars rs’] sr st
e an|en bi|ye] [an ap|bi b [yl}{yl}
sr sr rs rs ss sr sr rs rs sr st
_aZl a22__b21 b22__y2 a _a21 a22__b21 b22_ yZ y2

which is equation (24) in the main text expressed in detailed matrix notation.

In the three-country ICIO model, the gross output production and use balance, or

the row balance condition becomes:

{XI}{aﬁ aﬁ}{ﬂ{aﬂ a&}{ﬂ{aﬂ a{ﬂ{ﬂ{yﬂ{y{r}[y{‘}
%] &y anlx] lan apl%] [an an] %] Y] L] LY. (G4)
{""1 ﬂﬁHVHQHHE‘i e }HH
Ay A% Y, €, €, QB A X% Y, €;
Re-arrange:
r 1—a" Al Ir e _1_ rr ol I
[xl}{ cH au} {yl} a) am} {el}
i) L-an a-an) )" a 1-an] [ 5
I ES RV L
Ly Bolys ] [ e ]
an ap X |_lay A |k kvl jan ap il 1 e (G6)
ay ay | x| las an |y Lpllys ] (& an |l 1h)e

which is equation (27) in the main text expressed in detailed matrix notation.

G
Using equations (17), (18), (28) in the main text and ZV”Bus =u, the value of

u=s,r,t

country s’ gross intermediate exports in the 3-country, 2-sector model can be

decomposed in a similar way as the 2-country 2-sector case as follows:
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r sr sr r

S| ss
all a12 Xl — Vl I11 + V2|21 # all a:L2 Xl
sr sr r HES sr sr r
a21 a'22 X2 Vl |12 + V2|22 a21 a‘22 X2
ShSS S|y SS sr sr r
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V1 b12 +V2b22 a21 a22 XZ V1b12 +V2b22 aZl a22 X2

Finally, based on the Leontief insight, Country s’ final goods exports can be

decomposed into country s, r, and t ’s value-added as follows:

sr Sty SS S|y SS sr rKrs rRwrs sr tts tts sr

yl — Vl bll + V?_ b21 # yl + Vl bll + V2 b21 # yl + Vl bll + V2b21 # yl (GS)
sr S|y SS S|y SS sr rKrs rKrs sr tts tts sr

y2 Vl b12 +V2b22 y2 Vl b12 +V2b22 y2 Vlblz +V2b22 y2

Insert equations (G3), (G6) into (G7) and combine with (G8), we obtain the gross

exports decomposition equation expressed in detailed matrix notation similar to

+

[ osr sr rt rt’]
a‘ll a12 bll blZ yl

sr sr rt rt
_a21 aZZ b21 b22 y2

Iss Iss
l 12 2 22

VA VA s
1711 2°21
+ ISS ISS #
112 222

=

equation (31) in the main text:
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Vl I12 +V2I22_ _a21 a22 bZl b22 yZ _V1|12 +V2I22 _a21 a22_ b21 b22 _y2
1711 2721 #{ }
[ osr st [ jars rs] sr st
a'.ll a12 bll b12 |:yl :|+ yl :|
sr sr rs rs st
_a21 a22__b21 b22 y2
S|y S5 S|y SS
+ |:V1 bll + V2b21:| |:Vl|11 +V2I21:| # |:a11 ale
S|y SS S|y S5 ss sr sr
Vl blZ +V2b22 1I12 +V2I22 a21 a22
TS FIATS
| Vb5 +v3b;
ts ts tyts tts r rr r
| vt +vzb21}#{ } { viby; + Vb3 |, {au }{I llz}{yl }
ts tats tpats rr rr rr
1 2 +Vv bzz Y Vb +V2b22 a; ay || 155 1L Y2 (Gg)
rs sr r rr] r*
B b o 21}# aiz}{ln 15 [ e }
rs rs sr r rr r*
V b12 +V b22 aZl a'22 IZl IZZ e2
21

sr S|y SS S|y SS sr ss [ 4sr sr rr rr r
|:el :| _ |:Vl bll + V2b21:|#|:yl |: I + V2|21:|# ail a12 :||:b11 b12 :||:y1 :|
sr S|nSS S|y SS sr s sr sr rr rr
e2 v b12 +V bZZ y2 i 1 12 +V2|22 _a21 a22 bZl b22 y2
Iss Iss
[\,s]ss sr st [hrs rs ][ y,ss
V I +V I 1lll +V2|21:|# all a12 bll b12 yl :|
ss sr sr rs rs ss
L I +V2|22 _a21 a22_ bZl b22 _y2
(NS rWIs (NS [N rr rr rr
Vl bll +V2b21:| |: :| |: lbll +V2b21:| |:a11 |:I I :||:y1 :|
rRKrs I rr rr
1 blZ + V2b22 aZl a22 I I y2
tpts tiats sr rr e[ qr*
+ Vlbll + V2b21:|# |: a12 :||:Ill |12 el :|
thts tiats sr r r r*
_V1b12 + V2b22 a a22 I21 I22_ _ez

A24



Appendix H: Forward/backward linkage based value-added exports and
domestic value-added in exports stay abroad: 3-country, 2-sector case

Without loss of generality, define vt as value-added exports by the first sector
of Country s (producer’s perspective, forward linkage based) to Country r, then

Vtisr :VlsBssY sr +VlsBer r +VlsBsthr

SS SS sr Sr sr rr st st tr
SO e A el LA S0 e A
21 22 y2 21 22 yZ 21 22 y2

2 2 2
DN ARSI AT
J J J

which shows how equation (34) in the main text is derived, and it is an extension of
equation (F1) into 3-country 2-sector setting. The three terms in equation (H1)
represent three different ways that value-added created from the 1% sector of the
source Country s is absorbed by the destination Country r: The first term is sector 1’s
value-added embodied in Country s’ final goods exports (of both sectors) consumed
by Country r, the second term is sector 1’s value-added embodied in Country s’
intermediate goods exports (of both sectors) used by Country r to produce its
domestic final goods and consumed there. The last term is sector 1’s value-added
embodied in Country s’ intermediate goods exports (of both sectors) to third Country t
and used by t to produce final goods exports to Country r. This last third country term

is the only difference between equations (F1) and (H1).
Denote vt(efr) as Country s> domestic value-added in the 1% sector’s gross

exports that is absorbed in Country r (user perspective, backward linkage based).
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ss sr sr sr SF Ty, 1T
(Vl bll tv b21)y1 (Vllll +V2|21)(a11b11 yl +a11b12 yZ +a12b21y1 +a12b22y2 )

re,,tr r re,,tr

+(v 13 +v; 15 (@b Yy +aiihhy; +aghyyy +anhy;)

sS Sttt tr Sttt tr stpptt | tr sttt |, tr
(Vllll +V2|21)( 11b11y1 +a b2y2 +a12b21y1 +a bzyz)

try,rr try,rr try,rr

Sty try, 1r st st st
(vllll +V2|21 ( llbllyl +allb12y2 +a12b21y1 +a‘12b22y2 )

(V bfi-l—V b21)y1 +(V1|1315+V2|21 Za Zbu yJ +y
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which shows how equation (33) in the main text is derived. It is an extension of
equation (F2) into 3-country 2-sector setting. The three terms in equation (H2)
represent three different ways that value-added (of both sectors) created from the
source Country s is absorbed by the destination Country r: The first term is Country s’
exports of its final goods from sector 1 that consumed in Country r. The second term
is Country s’ exports of its intermediate goods from sector 1 to Country r and used by
Country r to produce domestic final goods or intermediate goods exports to third
Country t to produce final goods shipped back to r and consumed there; the third term
is Country s’ exports of its intermediate goods from sector 1 to third Country t, used
by Country t to produce final goods export to Country r or to produce intermediate
exports to Country r and used by r to produce its domestically consumed final goods.
The difference between equations (H2) and (F2) is also due to the third country effect,
but in three different ways: Country s’ domestic value-added could be embodied into
its intermediate goods exports to Country r and used by r to produce another type
intermediate goods re-export to third Country t to produce final goods shipped back to
Country r; Country s’ domestic value-added could also be embodied into its
intermediate goods exports to third Country t first, then used by Country t either

produce final goods export to Country r or produce intermediate goods to Country r as
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inputs for its production of domestically consumed final goods.
Denote dva", the additional value-added trade measure that is different from

the two bilateral value-added export measures and only show up in a model with three

or more countries, as the sum of first five terms in equation (31) in the main text:

dvafr :VSBSSYlsr _l_VSLSSAlSI’BI’rY r _l_VSLSSAlSI’BI’tht +VSLSSAlsrB"Y rt _l_VSLSSAlSI’BI’tYIr

e eff e o s s )
b21 b22 O I21 I22 0 O b21 b22 yZ y2
b v 7 15 at az by by || vi| | % (H3)
Ve Ve ss ss rt rt tt + tr
IZl I22 O O b21 b22 y2 y2
2 2
= (viby +vib) vy + (v Vi1 Y bl (v +y])
j i
z z t oot tt
+(1 + V315D as Db (Y] +Y))
j i

which shows how equation (32) in the main text is derived. It is the only value-added
trade measure consistent to bilateral gross trade flows (the two value-added export
measures divert from bilateral gross trade flows due to either indirect exports through
other domestic sectors or indirect exports through third countries). The difference
between equations (H2) and (H3) is obvious, since (H2) not only includes
value-added exports from Country s embodied in its own gross exports to Country r
(second term), but also include value-added exports by Country s embodied in its
gross exports to third Country t, but finally absorbed by Country r(last term), while
(H3) only concern value-added embodied in Country s’ gross exports to country r,
regardless these value-added is finally absorbed by Country r or not.

With these three value-added trade measures precisely defined in mathematics,

we are ready to proof proposition A in the main text.

The difference between vt(e;")and dva’ can be derived as:
o o S S I N I SS st st tr tr rr tt t tr
e b el [ e
21 22 21 22 y2 21 22 y2 (H4)
e Vs{lfi lfé}{afi aﬁ{ ; TSH ; }N}
1 21 ss ss r r rr re r
|21 |22 0 O b2§. b2t2 y;t b21 b22 th

The positive term in equation (H4) is value-added from the 1% sector of Country
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s embodied in its gross exports to Country t and finally consumed by Country r, while
the negative term in (H4) is value-added from the 1 sector of Country s embodied in

its gross exports to Country r and finally consumed by Country t, if and only if these
two indirect value-added trade terms equals each other, vt(e;") =dva". Obviously,
this is not true in general.

Similarly, the difference between vt(e;')and dva’ equals:
SS SS sr sr rt rt tt rr rr rt
R [ i e I
I21 I22 0 O b21 b22 y2 b21 b22 y2 (H5)
o off 5 ] e
IZl I22 0 O b21 b22 y2 b21 b22 y2

The positive term in equation (H5) is value-added from the 1% sector of Country
s embodied in its gross exports to Country r and finally consumed by Country t, while
the negative term in (H5) is value-added from the 1 sector of Country s embodied in

its gross exports to Country t and finally consumed by Country r, if and only if these
two terms equals each other, vt(e]') = dva’ . Obviously, this is also not true in general.

Compare equations (H4) and (H5), the positive term in (H4) is exactly the

negative term in (H5) and vs visa. Therefore, adding the two equations together, i.e.

aggregate vt(e;")and dva™ over trading partner r and t, we have

G G
vt(e") +vi(e!') = dva” +dva! ie. > dva’ => vi(e™) (H6)

r#s r#s

The difference between vt and vt(e;") is not so obvious if we compare

equations (H1) and (H2) directly, so we first transform equation (H1) by using

following properties of Leontief Inverse matrix:

I _ ASS _ ASI’ _ Ast BSS BSI’ BSI I 0 0
From | —A® I-A" —-A" |B" B"™ B"|=/0 I 0

_ AtS _ Atl‘ I _ Att BtS Btr Btt O O I
We have:

(I _ASS)BSI‘ _ASI‘BFI’ _AStBtI‘ :O, (I _ASS)BSt _ASI‘BI‘I _ASIBt'[ :0

Rearrange:
A28



BSI‘ — LSSASF Brr + LSSASt Btr ; BSt — LSsAsrBrt + LssAst Btt (H?)
Inserting equation (H7) into equation (H1) and re-arrange, we obtain:

thSI‘ — Vls BSSY sr +VlS LSS ASI‘ BrrY rr +V15 LSSASIBII'Y rr +VlS LSS ASI‘ BrtY tr +V15 LSSASI BIIY tr

[ 0{ ; SS}{VT}[VS O{If: lfi}{af{ QH{ y f;}{ny f r;]{yfﬂmg)
-1 ss $s sr 1 ss|ss sr sr rr rr rr r r r
bZl b22 y2 |21 |22 aZl aZZ bZl bZZ yZ bZ;. b2t2 y;
e ot e el o] [ e
1 [ ] st st blr btr rr btt btt tr
21 22 aZl a’ZZ 21 22 yZ 21 22 yZ

Comparing equations (H2) and (H8), the two measures have the same BY block

matrix and same block local inverse. However, Equation (H8) only include

value-added from the 1% sector of Country s, including 1% sector’s value-added

embodied in its 2" sector’s final and intermediate exports, while equation (H2) only

measure Country s’ value-added embodied in its 1% sector’s final and intermediate

goods exports, regardless the value-added come from which sectors. The direct

value-added exports of the 1 sector are the same in both measures, but the indirect

value-added measured by the two equations are very different. The difference between

vt and vt(e1

sr

) can be derived as

SS SS O SS SS Sr
e —uier )= i o{bti }{ | vz{btz bﬁi}m
b21 b22 y2 bZl b22 O

ss ss | (T arr rr [y, ] [jart rt [y tr]
S 01:'11 I12 O 0 1 blZ yl + bll 2 |:yl
ss ss rr rr rr rt rt
IZl |22__ a _b21 b22__y2 a _b21 b22_
ss ss |[ 5sr st ([ rr [ y,rr | [Rrt rt ][y, tr
_[0 VS{Ill I12 |:a11 alZ 1 blZ yl + bll 2 |:yl (Hg)
2] s ss rr r rr rt rt
I21 I22_ _bZl bZZ__yZ i _bZl b22_

ss ss | ([ atr tr [ ,rr] [t tt ][\, tr

n [VS 0:1:'11 1510 0 1 2 |:yl 4| P 2| V1
1 st st tr tr rr tt tt tr
aZl aZZ _bZl b22_ yZ _b21 b22_ _yZ

ss ss
I21 |22__ m

o V{If: lfé[afi alH b;;]y;fH i bf‘z"yi’}
2] s ss r r rr r
Ly 15000 O [k by ] [y byl

The three positive terms in equation (H9) represent value added created by the 1%

sector of Country s but embodied in final (the first term) and intermediate (the third

and fifth terms) gross exports of the 2" sector in Country s and are finally consumed

in Country r (indirect value-added exports of the 1% sector that is embodied in the 2"

sector’s gross exports) and hence has no relation with the 1% sector’s gross exports.
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The three negative terms in equation (H9) are the 2™ sector’s value added that is
embodied in the final (the second term) and intermediate (the fourth and sixth terms)
gross exports of the 1% sector produced by Country s and is finally consumed in
Country r (indirect value-added exports of the 2" sector embodied in the 1% sector’s
gross exports). Unless these indirect value-added exports terms equal to each other,
Country s’ value-added exports from its 1% sector cannot be equal to its domestic

value-added embodied in its 1% sector’s gross exports absorbed in Country r.

Sr

Therefore, vt and vt(e1 ) do not equal in general.

Similarly, the difference between vt;'and vt(ejr) equals

SS SS Sr SS SS O
v —uie)=[o {b btz}{yl }[v: o{btz bzz}{ |
bZl b22 O bZl b22 y2

ss ss |[ A sr st | ([ jarr rr [ e [art rt [t ]
Ill |12 all a‘12 { 1 2 {yl 1 blZ {yl

+
ss ss rr rr rr rt rt tr
I21 |22 L 0 0 i _b21 b22_ y2 i _bZl b22_ yZ i

ne Orf: 5] o 0‘{‘ A I b;;"yf‘} (H10)

sr rr rr rr rt rt tr
21 22 1L _b21 b22__y2_ _b21 b22__y2_

SS sr
I dy;  dy |
ss ss |[ 4 st st tr tr [y, rr tt tt [ tr
Ill |12 ail a12:| |: 1 2 yl :|+|:bll 2:| yl :|
ss ss tr tr rr tt tt tr
|21 |22__ O 0 bZl b22__y2 bZl b22 _y2
ss ss | tr tr [, rr tt tt [y tr
—[VS O:‘:'ll 10 0 } |:bll b, | V1 :|+|:bll ' RA }
1 ss ss st st tr tr rr tt tt tr
|21 |22__a21 a22 bZl b22__y2 bZl b22__y2

Compare equations (H9) and (H10), the positive terms in (H9) are exactly the

same as the negative terms in (H10). This indicates that the difference between vt

and vt(efr)is the difference between value-added produced by the 1% sector embodied

in the 2" sector’s gross exports and value-added produced by the 2™ sector embodied

in the 1% sector’s gross exports, which is exactly the same as the difference between

vt(ejr) andvt;". Therefore, when we aggregate over sectors, the difference between

vt and vt(e’") will cancels out, the two bilateral value-added exports measures equal

each other at country aggregate level:
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n 2
VE Ve =) +vt(es) Qe D oviEe") =D vt (H11)
i=1 i=1

Based on equation (H6), we are able to infer
vt(e") +vt(el') =dva +dva’ and vt(es) +vi(e)') = dvay +dvay'

Therefore, vt(e]") +Vvt(e}') +vi(e;') +vt(es') = dva” +dva™ + dvay” +dvas'

i.e. Zzlivt(efr) = Zzli.dvafr (H12)

i=1l rzs i=1l res
Based on equation (H11), we are able to infer

vt +vE =vt(e) +vt(es’) and vt + vt = vi(e) + vi(es')

Therefore, vt +vt" +vt™ +vt)' =vt(e") +vt(es") +vi(e') +vi(es')

ie. iivtﬁr :izz:vt(efr) (H13)

r#s i=1 r#s i=1

Combine (H12) and (H13), we obtain:

IHWCIEI RIS RALS (19

r=s i=1 r#s i=1 r=s i=1

The difference between dva;'and vt equals

SS SS Sr SS SS O
R I (el L T e
bZl b22 0 b2 1 b22 y2

ss ss [ 4 sr st | ([ arr rr [y, ] [art rt [y, tr]
+ [O VS {Ill IlZ |:all a‘12 bll b12 |:yl + bll b12 yl
2] yss ss rr rr rr rt rt tr
I21 |22_ O 0 _bZl b22_ y2 _b21 b22__y2 _

waﬁﬁ_oo{wbﬁﬁ+Wi%ﬁ}

ss sr sr rr rr rr rt rt tr
21 |22__a21 a'22_ _b21 b22__y2 _ _b21 b22__y2 a

NP L C | A T R

1 2 [ss s 0 0 b’ pr rt brt brt tt

21 22 b1 Do | Y2 21 O |l Y2
¢s¢3®rﬂﬁnwmﬂfH%mﬂf

1 ss ss s s r r rr r

IZl |22 aztl a2t2 b;l b;Z y2 b;tl b;tz y;

Where the first two positive terms in equation (H15) represent value added

(H15)

created by the 2" sector of Country s embodied in the 1 sector exports from Country

s to Country r and consumed in r. The first two negative terms represent value added
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created by the 1% sector of Country s embodied in the 2" sector exports from Country
s to Country r and consumed in Country r. The final positive term represent value
added created by Country s (both sectors) embodied in the 1% sector exports from
Country s to Country r and consumed in third Country t. The final negative term
represent value added created by the 1% sector of Country s embodied in exports (both

sectors) from Country s to third Country t and consumed in t. These positive and

negative terms should not equal each other except very special cases, so dva' and

vt do not equal each other in general.

Similarly, the difference between dva, and vt equals
vz g < o] OE[B L w E
bZl b22 y b21 b22 0
ss ss | 0 0 7 rr eyt ] [wrt rt [y, tr]
O e e e
21 22 | 21 22 | LM21 22__y2 4 LY21 22 | yZ_
o vl e az|fjbn bE | b by
2 IS 11l 0 0 b b rr bt prt (H16)
21 N JULM21 22__Y2 4 M1 22 | y2
e V{lfi Ifﬂ{o 0} {b{{ b;;}{y{tHbﬁ bﬂ{ }
1 2 ss ss sr sr rr rr r r
|21 |22 aZl a22 b21 b22 y2t b2§.
o V{lfi lfé}[afi aqu;; bf;}{yf}{bﬂ b&}[yf}}
21 yss ss s r r rr r
IZl |22 a2t1 a22 b;l b;Z y2 b;tl b£t2 y;

Where the first two positive terms in equation (H16) are the first two negative

terms in equation (H15) exactly, and the first two negative terms in equation (H16)

are the first two positive terms in equation (H15). Therefore, when we aggregate over

sectors, the difference between dva’™and vt will partly cancels out.
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(H17)

Where the first term (positive) represents value added created by Country s
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embodied in Country s’ intermediate exports to Country r and absorbed in third
Country t. The second term (negative) represents value added created by Country s
embodied in Country s’ intermediate exports to the third Country t and finally
consumed in r. These two indirect value-added exports via other countries (the

positive and negative terms) should not equal each other except very special cases, so

(dva +dva)’) and (vt'+vt') do not equal each other in general. i.e.

2 2
D vt £ > dva” due to indirect value-added trade via third countries.
i=1 i=1

Similarly, the difference between (dva™ +dva;')and (vt +vt') equals

(dva’ +dvay') — (vt +vt)') =

s sl Il lan an ()bl bL v b bn v

[Vl V2 ss ss st st tr tr rr + tt tt tr (H18)
I21 I22 a‘Zl a‘22 bZl b22 y2 b21 bZZ y2

o ot B ] Wl
I21 |22 aZl a'22 b21 b22 y2 b21 b22 y2

Compare equations (H17) and (H18), the difference between (dva™ +dva;’)
and (vt +vt')is exactly the same as the difference between (vt*-+vt') and
(dva" +dva;'), therefore, when one aggregate the two measures over both sector and
trading partners, these difference in indirect value-added trade via third countries

cancel each other. i.e.dva +dvay' +dva" +dva) =vt' + vt +vt* +Vvt', we get last

two terms of equation (H14) again.

Similar to equation (H15), we can obtain the difference between dva’and vt™as
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|

Comparing equation (H15) and (H19), we can see that only the last terms can be

partly cancelled out when aggregate dvaand vt over trading partners, other

terms will be fully reserved.
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In the right side of equation (H20), all positive terms represent value added

G G
abroad. Therefore, ZdvaiSr # thfr except very special cases.

Similarly, aggregate dva, and vt}" over trading partners,

r#s

r#s
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created by the 2" sector of Country s embodied in the 1% sector exports of Country s
and consumed abroad, all negative terms represent value added created by the 1°

sector of Country s embodied in the 2" sector exports of Country s and consumed at

In the right side of equation (H21), all positive terms represent value added
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created by the 1% sector of Country s embodied in the 2™ sector exports of Country s
and consumed abroad, all negative terms represent value added created by the 2"
sector of Country s embodied in the 1% sector exports of Country s and consumed

abroad. Therefore, adding up equation (H20) and (H21), the difference will be fully



canceled out.

By proof of proposition A, the relationship among the three value-added trade
measures is made clear analytically. Then, the proof of proposition C-D is
straightforward.

Because equation (H3) is the sum of first five terms in equation (31) of the main

sr

text by definition, i. e. dva™is always part of e anddva’™ <e", therefore, ——<1
e

always holds. i.e. Proposition B is valid.

G G
From on Proposition A, we have ZVt(efr) =Zdva,-sr ; and from Proposition B

r#s r#s

we havedva™ <e™, therefore,

S o o . Ve
vi(e) =D vt(e) =D dva" <> e =¢, e esl <1. Therefore,

r#s r#s r#s i

Proposition C is true.
From equation (H1), the definition of value-added exports based on forward

linkage, we have

G
Vtis* — Zvnsu — Vtisr + VﬁSt
u#s

:ViSBSSYSI' +ViSBSI’YI’I' +ViSBSIY'[r +ViSBSSYSt +ViSBSI’YI’t +ViSBStYIt (H16)
:ViSBSS(YST +YSI) +ViSBSI’(YrI’+Yrt)+ViSBS'[(YtI‘+YII)

where V.*is a vector with its i™ element equals v; and all other elements equal to 0.

Based on the definition of value-added (GDP) by industry, we have
GDP* =v/x =V;*X*®

(H17)
:ViSBSS(YSS+YSF+YSt) +ViSBSF(YI’S+YI‘I’+Yrt) +ViSBSt(YtS +Ytr+YIt)
Subtract equation (H16) from (H17)
G
GDRS _zvtisu
:VisBSS(Yss+Ysr+Yst)+visBsr(Yrs+Yrr+Yrt)+visBst( ts+Ytr +Ytt) (H18)

_ViSBSS(YSI’+Yst)_ViSBsr(le’+Yrt)_ViSBSt(Ytr+Ytt)
:ViSBSSYSS +ViSBSI‘YrS +ViSBStYlS 20
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G
Therefore, Vt™ =D vt <vix’ and

u#s

su

G
vt

Appendix I: Numerical Example: the 3-country, 2-sector case
The 3-country, 2-sector ICIO table

w___ <1 i.e. Proposition D is proved.

s =

Intermediate Uses Final Uses
Gross
Country S r
Y* Y' Y' | outputs
Country Sector sl s2 rl r2 tl t2
sl 1 1 0 0 0 0 9/10 1/10 0 3
S
s2 0 1 0 1 0 0 1 0 0 3
rl 0 0 1 1 0 0 0 1 0 3
R
r2 0 0 1 1 0 0 0 1 1 4
tl 1 0 0 0 1 0 1 0 0 3
T
t2 0 0 0 0 1 1 0 0 1 3
Value-added 1 1 1 1 1 2
Total inputs 3 3 3 4 3 3

Gross intermediate and final good exports matrix:
0

E=El+EF=

0 1/10 0]
0 0 0
0 0 0

_|_
0 0 1
1 0 0
0 0 0

0

0
0
0
1
0

O O O O — O

O O O o o

[0 1/10 0]
0 1 0
o0 o0
1o 0 1
2 0 0
| o 0 o0

The direct input coefficient matrix A, Global Leontief inverse Matrix B, Local

Leontief inverse matrix L, and direct value-added coefficient vector V can be easily

computed as

/313 0 0 0 O
0 1/3 0 1/4 0 0
As 0 0 1/31/4 0 0
0 0 1/314 0 0
3 0 0 0 1/3 0
0 0 0 0 1/3 1/3]

0
0
0
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[3/2 3/4 3/20 3/10
312 3/10 3/5
9/5
4/5 8/5
314 3/8 3/40 3/20 3/2
13/8 3/16 3/80 3/40 3/4 3/2

3/5

0
0
0

0

0
0
0
0

0




[3/2 314 0 0 0 O
0 32 0 0 0 O
0 0 9/535 0 0
L= V=[/3 1/3 1/3 1/4 1/3 2/3]
0 0 4/58/5 0 0
0 0 0 0 3/2 0
0 0 0 0 3/4 3/2
The block direct input-output coefficients matrixes:
Name A% A At
Block 1/3 1/3 0 0 0 0
matrix 0 1/3 0 1/4 0 0
Name A" A" A"
Block 0 0 1/3 1/4 0 0
matrix 0 0 1/3 1/4 0 0
Name A® A" A"
Block 1/3 0 0 0 1/3 0
matrix 0 0 0 0 1/3 1/3
The block global Leontief inverse matrixes:
Name B* B B*
Block 3/2 3/4 3/20 3/10 0 0
matrix 0 3/2 3/10 3/5 0 0
Name B" B" B"
Block 0 0 9/5 3/5 0 0
matrix 0 0 4/5 8/5 0 0
Name B® B" B"
Block 3/4 3/8 3/40 3/20 3/2 0
matrix 3/8 3/16 3/80 3/40 3/4 3/2
The block Local Leontief inverse matrixes
Name L® L™ L"
Block 3/2 3/4 9/5 3/5 3/2 0
matrix 0 3/2 4/5 8/5 3/4 3/2
The block Value Added Coefficients Vectors
Name Ve V' V!
Vectors | 13 | 13 13 | 14 13 213

Based on equations (17)-(19) and (28) in the main text, the total value added
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coefficients can be computed as

Name VeB* V'B" ViB"
Vectors | 12 | 3/ L |
Name VAL ViL" VL
Vectors | 12 | 3/ L |
Name V'B" V'B" VB
Vectors o | o 120 | 110 |
Name V'B® VB vB"
Vectors | 12 | w4 320 | 310 |

Based on equation (24), Country s’ intermediate exports to Country r can be split

into following 8 parts:

ASF BrrY rr — |:

0

0 1/4

}Bii :iﬂ[ﬂ o

ASI’ I’tht 0 O_ 0
0 1/4)0 “lo

gy |0 0 JO/5 3/5]07_
0 1/4)4/5 8/5]1 2/5

ASI’ rthr 0 0_ 0
0 1/4]0 “|o

gy [0 0 TO/5 3/5T0]_
0 1/4)4/5 8/5|0|

Asr rths O O __0 O O
0 1/4]0 o_ “|o

prgeys |0 0 O 0T9/10]
0 /4]0 0]

ATB (YY) = B v 4}{8 SHF/; 0} ' m} i m

Adding up the eight ABY terms above, we obtain Country s’ intermediate exports

0
to Country rEI*" = L}

Based on equation (27) in the main text, Country s’ intermediate exports to
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Country r can also be split as
0 0 ]9/5 3/5"1_ 0
0 1/4]4/5 8/5]1| |3/5
. [0 079/5 3/5]0 0
AsrerEr — —
0 1/4|4/5 8/5] 1| [2/5

Applying decomposition equation (31), we can fully decompose each of the three

ASF LI’rY rr — |:

countries’ gross bilateral exports into the 16 value-added and double counted
components as reported in table 3 of the main text. Detailed computation is listed

below:

r 1/27 [1/10] [1/20
-I-lsr :(\/SBSS) #YSF :|: :|#|: :|:|: :|
3/4]'| 0 0
sr S| SS \" sr myrry__ 1/2 O _ i O
T =L Haney ){3/4}#{3/5}_9/20}

sr S| SS T Sr r _ 1/2 O _ 0—
T = (o) #(a B‘Y“)—L/J#{O _{0

T = (oL #(avery )= :él/ii#{z(/)si B :3/010}
e ) [ 2240 [0
b Tawre) [V
R RO S A e
st HL

TgSI' :(\/SLSS)T#(ASI'BI'S(YSF+YSt)) :| { :| |:8:|
ler — (\/ SBSS _V SLSS )T #(EI sr {|:;//j} |:
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0].[1/10] [0
Tﬁr=(\/'B'S)T#Y“={O}#{ . }: 0}
0l.[o] [o
Ty =B ) #(A"L"Y*)= M# {3/5} _ M

1/2] [110] [1/20]
ler:(VtBts)T#Ysr:|: :|#|: :|:|:

12].f0o] [ 0]
TS :(VtBts)T#(ArsLssYSS):|:1/4:|#|:3/5:|: 320

A (1210 0 ]
ler _ (VtBts)T #(A’SLSSES ):{1/4:|#|:2/5:| :|:1/10

Adding up the 16 components above, we can get the Country s’ sectorial exports
+ 1710
to Country rE™ = 1|

In the same way, other bilateral trade flows can be fully decomposed as reported

in Table 3 in the main text.

Appendix J: The General Case of G Countries and N Sectors

This appendix specifies the general case with any arbitrary number of countries
and sectors. The ICIO model, the gross output decomposition matrix based on the
Leontief insight, and the total value-added multiplier or value added share by source

matrix can be specified as follows:

_Xl All A12 AlG X1 Y11 Y12 YlG

X 2 B A21 A22 . AZG X 2 . Y 21 Y 22 . Y 2G (Jl)
_X.G A.Gl AG2 . A(.BG X.G Y.Gl Y;BZ “: YGG
_Xll X12 . XlG Bll BlZ . BlG Yll Y12 . YlG

X21 X22 X2G ~ BZl BZZ BZG Y21 Y22 YZG

X.Gl X.GZ A -: XGG B.Gl BGZ . B(.BG YGl Y;32 . _: Y(.BG



(2)

vi o ... olB® B2 .. BlG_
VB_ 0 VZ O BZl BZZ BZG
_(.) 6 ”: V.G__B'Gl B'GZ ”: B.GG_
_VlBll VlBlz VlBlG ] (‘]3)

V2821 V2BZZ . VZBZG

Veéel VG.BGZ VGéGG

The sum of value added share from all countries in Country s’ production equals

to unity.
G
D VB® =u (J4)
t

With G countries and N sectors, A, and B are GNxGN matrices. A* is an NxN block
input-output coefficient matrix, and B* denotes the NxN block Leontief (global)
inverse matrix, which is the total requirement matrix that describes the amount of
gross output in producing Country s required for a one-unit increase in the final
demand in destination Country r. V° is a 1 by N vector of direct value-added

coefficients of Country s. X* is an Nx1 gross output vector that gives gross output

G
produced in s and absorbed in r. X° =ZXSr is also an Nx1 vector that gives

Country s’ total gross output. Y* is an Nx1 vector gives final goods produced in s

G
and consumed inr. Y°® = ZYSr is also an Nx1 vector that gives the global use of s’

final goods. The final demand matrix Y in equation (J1), the gross output
decomposition matrix X in equation (J2) and the total value-added multiplier matrix
VB are all GNxG matrices.

Country s’ gross exports to Country r include intermediate and final goods
exports:

ET =YY" +ATX' (J5)
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where E* isan N byl vector of Country s’ gross exports to country r.

Based on equation (J2), Country r’s gross output can be decomposed as

G G G
Xr :Zxrt:ZZBrthu
t t u

G G G G G
:BrrYrr+BrrZYrt+BrrYrs+zBrtht+ZZBrthu +ZBrths (J6)

t#s,r t#s,r t#s,ru=s,t t#s,r

+ BrSYSS +i BrSYSt

t#s
Insert equation (J6) in to Country s’ intermediate exports to country r, the last

term in equation (J5) can be expressed as:

ASI’xr :AsrBrrYrr +Asr iBl’tht +AsrBrr int +Asr§:Brt thu

. t#s,r t¢s,rG t#s,r u=s,t (J?)
+ AsrBrrY rs + Asr ZBrtY ts + AsrBrsY sS + Asrz BrsY st
t#s,r t#s

In the right side of equation (J7), Country s’ intermediate exports are split into

eight terms, similar to equation (24) in the three country model. The 1% term
(A"B"Y™), 5" term (A"B"Y ™), and 7" term( A"B"™Y**) are Country s’ intermediate
exports which are direct absorbed by the importing country to produce its domestic
consumed final goods; used by the direct importing country to produce its final goods
exports and shipped back to the source country; and used by the direct importing
country to produce intermediate goods exports and shipped back to the source country
for production of source country’s final goods for domestic consumption, respectively.
They are exactly the same as the three terms in equation (24). The 2" term

G G G G
(A" B"™Y"), 3 term (ATB" Y Y"), 4" term (AT > Y B"Y"), and the 6" term

fesr fesr {5, ruzs t
G
(A ZB“Yts ) are Country s’ intermediate exports which are used by the direct
tesr
importing country to produce intermediate inputs re-exports to the third Countries t in
production of its domestic consumed final goods; used by direct importing country to
produce its final exports to third Countries (t) (but do not return back to the source

country); used by the direct importing country to produce intermediate exports to third
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countries t for production of final exports shipped to other countries including those
returning back to the direct importer (Country r); used by the direct importing country
to produce intermediate exports to third countries for production of final exports that
return back to the source country respectively. Although with a very similar economic
interpretation as those terms in equation (24), all of these four third-country effect
terms in equation (J7) include all other G-2 counties, not only a single third Country t
as that in equation (24). This means all other counties besides the two partner
countries that are the final destinations of the source Country s’ intermediate exports,
G
are aggregated together as one group in equation (J7)*. The final term, Asrz BY*,
tes
is Country s’ intermediate exports used by the direct importing country to produce
intermediate goods exports that are shipped back to source country for production of
its own final goods exports(from all sectors), similar to the last term in equation (24)
for the three-country model.

Based on equation (27) in the main text, we can decompose Country s’
intermediate exports to Country r into two parts by using the gross output supply and
use balance condition:

ATXT=ATLTYT + ATLTE” (J8)

Where L"is the N by N local Leontief inverse matrix E" is a N by 1 vector of

G
total gross exports by Countryr, E™ =) E".
ter
From equation (J3), we can obtain the total value-added multiplier for every

country

! The 1%, the 5" and the 7™ terms have only one ABY term; the 2", the 3" and the 6™ have G-2 ABY
terms; the 4™ term  has (G-2)* (G-2) ABY terms; the 8" term has G-1 ABY terms. Summing up these

eight terms, the total number of ABY terms are:
1+(G-2)+(G-2)+(G-2)*(G-2)+1+(G-2)+1+(G-1) =G*G
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Using equation (J9), the value of Country s’ gross intermediate exports to r can
be decomposed as

ATX" = (VL) #(ATX ) + (VEB® =V L) #(ATX ")

+(\/rBrs)T#(/-\5rXr)+(inBtS)T#(AsrXr) (J10)

t#s,r

Inserting equations (J7) and (J8) into (J10), we can obtain the decomposition

equation of Country s’ gross intermediate exports to Country r as

G
ASI’X r_ (VSLSS)T #(ASFBI'I'Y rr) + (VSLSS)T #(ASI’ ZBrtht)

t#s,r

G G G
+ (VsLSS)T#(AsrBrr ZY rt) + (VSLSS)T#(Asr Z ZBrtYm)

t#s,r t#s,ru=s,t

G
+(\/SLSS)T#(ASFBrryrS)+(\/SLSS)T#(ASFZBF'[Y'[S)+(\/SLSS)T#(ASFBFSYSS) ( )
tEs.r J11

G
+ (\/SLSS)T#(ASFZ BrsYst) + (VsBss _VsLSS)T#(AsrX r)
t#s

+ (\/TBI‘S)T#(ASTLNY rr) + (\/TBI‘S)T #(ASTLNET*)

G G
+ (ZVtBtS)T #(AsrerY rr) + (ZVtBtS)T #(AsrerEr*)

t#s,r t#s,r

Finally, Country s’ final goods exports to r can be decomposed into domestic and
foreign value-added as follows:
G
Ysr — (\/SBSS)T#YSI’ + (VrBrS)T#Ysr + (ZVtBtS)T#Ysr (le)
t#s,r
Adding up equations (J11) and (J12), we obtain the decomposition equation of
gross bilateral exports from Country s to Country r in the most general G-country

N-sector case as equation (37) in the main text.
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G
ESI’ — (VSBSS)T#YSI' + (VSLSS)T#(ASI'BFI’Y I'I’) + (VSLSS)T#(ASI' ZBrtht)

t#s,r

G G G
+ (VSLSS)T#(ASFBI'I’ ZYrt) + (VsLSS)T#(Asr Z ZBrthU)

t#s,r t#s,ru=s,t

G
N (VSLSS)T #(AsrBrrY rS) + (VSLSS)T #(Asr ZBrths) + (VSLSS)T#(AsrBrSYSS) (J13)
tzs,r

G
+ (VSLSS)T#(ASFZ BrsYst) + (VsBss _VsLSS)T#(AsrX r)
t#s

+ (\/TBFS)T #Y sr + (V FBI‘S)T #(ASI‘LNY rr) + (VrBI’S)T #(ASI‘LNEI‘*)

G G G
+ (thBtS)T #Y sr + (thBtS)T#(ASI‘Lﬂ'Y rr) + (thBtS)T #(ASI‘LFFEI‘*)

t#s,r t#s,r t#s,r

The economic interpretations for the 16 terms in equations (J13) are similar to
equation (31) as listed in table J1. The only difference is that all the third-country
related terms become a sum of G-2 countries except for the two trading partner
countries, instead of just one third Country t, as in equation (31).

Summing up all the G-1 trading partners, we obtain the decomposition equation

of Country s’ gross exports to the world:

Es* — iEsr _ (\/SBSS)T#iYSr + (VsLSS)T#(i AsrBrrYrr) + (VsLSS)T#(i Asr iBrtht)

r#s r#s r#s r#s t=s,r
+ (\/SLSS)T#(i AsrBrr iY rt) + (VsLSS)T#(i Asr i i BrthU)
r«s t#s,r r#s t#s,ru=s,t
+ (VSLSS)T #(i AsrBrrY rS) + (VSLSS)T#(i Asr i BrthS) + (\/SLSS)T #(i AsrBrsY 55)
r#s r#s t#£s,r r#s

G G G
+ (VSLSS)T#(Z Asrz BrsYst) + (VsBss _VSLSS)T #(Z Asrx r)

r#s t£s r#s

G G G
+ (ZV rBrS)T #Y sr + (ZVtBIS)T #Y sr + (ZV rBrS)T#(AsrerY rr)

r#s t#s,r r#s

G G G
+(ZVtBtS)T#(AsrerYrr)+Z(VrBrS)T#(AsrerEr*)+ Z(VtBtS)T#(AsrerEr*)

t#s,r r#s t#s,r

— (VSBSS)T #iY sr + (VSLSS)T #(i AsrBrrY rr) + (\/SLSS)T #(i Asr iBrtht)

r#s r#s r#s t#s,r

+ (\/SLSS)T#(Z AsrBrr ZY rt) ¥ (\/SLSS)T#(Z Asr Z ZBrthU)

r#s t#£s,r r#s t#s,ru=s,t
G G G G
+(vSLSS)T#(Z AsrBrrYrS)'F(VSLSS)T#(ZAsr ZBrtYIS)+(VSLSS)T#(ZAsrBrSYSS) (J14)
r#s r=s t#s,r r#s
G G G
+ (\/SLSS)T#(Z Asrz BrsYst) + (VsBss _VSLSS)T #(z Asrx r)
r#s t£s r#s
G G G G G G .
+ (ZZVtBtS)T #Ysr + (ZZVtBtS)T #(AsrerY rr) + (ZZVtBtS)T#(AsrerEr )
r#s t#s r#s t#s r#s t#s
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As a sum of domestic value-added in gross exports to all other G-1 countries, the

first 10 terms that decompose Country s” domestic value-added in exports have the

same economic interpretations as the first 10 terms in equation (J13). However, the 6

terms that decompose foreign content in bilateral gross exports are summed to three

terms with no distinction between direct importing country and all other countries.

Summing up equation (J14) by sectors, we can obtain a decomposition equation

for total gross exports of Country s, which is exactly the same as equation (36) in

KWW. Detailed math proof is given below.

Table J1 Definition of the 16 Terms in Equation (J13)

Label Description
T1 DVA exports in final goods exports
T2 DVA in intermediate exports to the direct importer and is absorbed there
T3 DVA in intermediate exports used by the direct importer to produce intermediate exports for
production of third countries’ domestic used final goods
T4 DVA in Intermediate exports used by the direct importer producing final exports to third countries
T5 DVA in Intermediate exports used by the direct importer producing intermediate exports to third
countries
T6 Returned DVA in final goods imports -from the direct importer
T7 Returned DVA in final goods imports -via third countries
T8 Returned DVA in intermediate imports
T9 Double counted DVA used to produce final goods exports
T10 Double counted DVA used to produce intermediate exports
T11 Direct importer’s VA in source country’s final goods exports
T12 Direct importer’s VA in source country’s intermediate goods exports
T13 Direct importer’s VA double counted in exports production
T14 Third countries’ VA in final goods exports
T15 Third countries’ countries’ VA in intermediate goods exports
T16 Third countries’ VA double counted in exports production

Note: These 16 terms are the same as the 16 terms in Equations (31) and (37) as well
as table 3 in the main text

Summing up equation (J14) over all sectors, we obtain following equation:
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ﬂES* :VsBssiYsr +(V5LssiAsrBrrYrr +VsLssi AsriBrthtJ

r#s r#s r#s t#s,r

G G G G G
+(vSLSSZ AsrBrr ZY rt +VsLsszAsrzBrthtuj

r#s t#s,r r#s tzs,r u=s,t
_I_(VsLssi AsrBrrY rs _I_VsLssi Asr iBrthsj+VsLssi AsrBrsY ss (J15)
r#s r#s t#s,r r#s
G G G
+VSLSSZ Asrz BrsYst + (VsBss _VSLSS)Z AsrX r
r#s t#s r#s

+ivtBtSiY5r+ivtBtsi ASFLH’YI’I’ +inBtsi ASI’LI’I’EF*

t#£s r+s t#s r#s t£s r#s

Summing up each bracket in equation (J15), and re-arrange

ILlEs* =VSBSSiY5I’ +VSLSSiASI’i BI’tht +VSLSSiASI’i Bl’t thu

r#s r#s t#£s r#s t#£s u#s,t
_l_VsLssiAsriBrths +V5Lss§AsrBrsYss
r;s t#s . r#s . (J16)
+V5LsszAsrBrszYst+V5(Bss_LSS)ZAsrXr
. r#s . t¢sG . r#s . .
+ZVtBtsZYsr +ZVtBtszAsrerY rr +ZVtBtszAsrerEr*
t#s r#s t£s r#s t#s r#s

G G G G
Because > A*> B"=> A*> B"

r#s t#£s t#s r#s

Therefore,

VSLSSiAsriBnYH :VSLSSiASIiBUY rr

r#s t#s t#s r#s
G G G G G G
t t t t
VsLsszAerBr ZY u =VsLssZAs ZB r ZY ru
r#s t#S u=s,t t#s r#s U#s,r

G G G G
VsLsszAerBrths :VsLsszAstZ BtrYrs

r#s t#s t#s r#s

G G
VS(BSS . LSS)ZAsrX r :VS(BSS _ LSS)ZAstXt

r#s t#s

So, equation (J16) can be re-arranged as
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G

IuEs* :VSBSSiY sr +VSLSS§:AS’(§ BtrY rr +V5LssiAstthr eru

r#s t#£s r#s t#s r#s

+VSLSS§:ASI§ BtI’Y rs +VSLSSiAsrBrSY SS

t£s r=s r#s
+VsLssiAsrBrsiYst+V3(Bss_LSS)iAstXt
r#s t#s t£s

+§:VtBtsiYsr +ivtBtS§:AsrerY r +§:VtBtsiAsrerEr*

t#s r#s t#s r#s t#s r#s

(J17)

Based on the definition of global Leontief Inverse matrix, following identity holds:

I _All _A12 . _AlG Bll BlZ . BlG I
_A21 I _A22 . _AZG BZl BZZ . BZG B 0
_AGl _AGZ “: I _.A\GG BGl B;;Z “: B;BG 0
Bll BlZ BlG I _ All AlZ _ AlG
~ BZl BZZ BZG _AZl I AZZ _AZG
B'Gl B;;Z “: B.GG _ AG]. _ A.\GZ “: I _ AGG

From (J18) we can obtain following two equations:

G
(l _ASS)BSI’ _ZAstBtr :0

t#s

(I _ASS)BSS _iASI‘BFS — I — BSS(I _ASS)_iBSrAI’S

r#s r#s

Re-arrange equation (J19) and (J20)

Bsr — (| _ ASS)—liAstBtr — LssiAstBtr

r#s r#s

Lssi ASI’BI’S — BSS _ LSS — i BSFAI’SLSS

r#s r#s

Because L*,B®* and A" >0, Therefore B* —L*>0.

Inserting equation (J21) and (J22) into equation (J17)
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UES* =vSBSSiYSI’ +VSiBSI‘YI’I’ +VSiBSI‘ iYI’U +VSiBSI’YI’S

+VS§:BSI’AFSLSSYSS+[vSiBSrAI’SLSSiYSI +VSiBSfArSLSSiAStxlj (J23)

r#s r#s t#s r#s t#s

+ivtBtsiYsr _I_ivtBtsiAsrLl’rY r +inBtsiAsrerEr*

t#s r+s t#s r#s t#s r#s

Re-arrange

uES*:VSBSSiYSF _I_VSiBSI"YI’I’ +VS§BSI’ inU +VS§BSTYTS

r#s r#s r#s u=#s,r r#s

G G
+VszBsrArsLssYss +VszBsrArsLssEs* (J24)

r#s r#s

+ivtBtsiYsr +ivtBtSi ASI’LTI’Y rr +ivtBtsiAsrLﬂEr*

t#s r#s t#s r+s t#s rs

It is the same as equation (36) in KWW.

Appendix K: The difference between Value-added exports and GDP by Industry
in Gross Exports at the Country-sector Level

As pointed out in KWW, domestic value-added in a country’s exports and
value-added exports are, in general, not equal to each other. They are related but
different concepts. The former only looks where the value added is originated
regardless where it is ultimately absorbed. While a country’s “value added exports”
refers to a subset of “domestic value added in a country’s exports” that is ultimately
absorbed abroad.

Figure K1 plots the time trend of “value-added exports”(VAX F) and “domestic
value-added” in exports to GDP ratios (both of them are forward linkage based) for
four selected industries based on estimates from WIOD. These graphs show clearly
domestic value-added in exports to GDP ratios are constantly higher than sector
value-added exports to GDP ratios, especially for advanced economies. For instance,
the difference between these two ratios is around 4%, 5% and 4% of sector total
value-added for the United States, and 3.5%, 2.5% and 2% for Germany in basic
mental, electric and optical equipment, and transportation equipment industries,
respectively, during the 17 years of our sample period. Even in the textile and textile

industries, there is also a 2-3% difference consistently between these two ratios for the
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U.S. and Germany during the same period. While the difference between these two

ratios for most developing countries is generally tiny.

Figure K1 The Difference between Value-added exports to GDP and Domestic
Value-added in exports to GDP ratio
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Appendix L Patterns of Production Sharing by Country and Sectors

As our decomposition formula allows us to not only capture the vertical
specialization (VS) share of a country’s gross exports similar to HIY (2001) VS
measure but also each source countries’ VS share, we can use the information to
characterize the type of production sharing arrangements by country and sector.

In Table L2, we report the average values of VS shares across all countries in
1995 and 2011, for each of the 35 sectors, in Columns 2 and 3, respectively. We sort
the sectors in descending order of the value of the average VS share in 2011. The

sectors with the highest VS shares in 2011 are electric (and optical) equipment,
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transport equipment, basic medals, machinery, and rubber and plastics. The sectors
with the lowest VS shares are private household (services), education, real estate,
public administration, and retail trade. These numbers and the sector order are hardly
surprising.

For a given sector, we summarize the distribution of countries in each type of
production sharing in Columns 4-6. If the VS share is less than 5%, we label that
country-sector as following a national production arrangement. If the VS share
exceeds 5%, we label the country-sector as following a cross-country production
sharing. We further divide the latter into two categories: if intra-regional sourcing
accounts for 60% or more of the VS, we label it as using regional production sharing;
otherwise, we label it as using global production sharing. As an example, for the
electric (and optical) equipment sector, there is no country in the WIOD database
follows a national production arrangement, all 40 countries have significant
cross-country production sharing. Within the latter group, 16 countries follow a
regional sharing arrangement, and 24 countries follow a global sharing arrangement.
By this set of definitions, we find that it is common to see a global production sharing
arrangement in the electric equipment, transport equipment, machinery, rubber and
plastics, air transport, water transport, textile and leather and footwear industries.

We can also get more details about any particular sector. As an illustration, in
Table L3, we zoom in on the transport equipment sector. We list the major developed
and emerging market economies in the first column, ordered by the volume of gross
exports in that sector in 2011 (recorded in the second column). The largest exporters
of transport equipment are Germany, United States, Japan, France, Korea, and China.
For each country, we report the top markets for their transport equipment exports in
Column 3. For example, for Germany, the largest markets are France, the United
States and China. For the United States, the largest markets are Canada, Mexico, and
China. In Column 4, we report vertical specialization as a share of the gross exports.
All countries on this list have a relatively high VS share, often in excess of 30%. This
confirms that transport equipment sector is highly integrated both regionally and

globally; production in most countries relies on parts and components made in some
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foreign countries. In Columns 5 and 6, we report the share of VS coming from within
the same region of the country and from outside the region, respectively. Generally
speaking, European countries source heavily from other European countries, though
they also import value added from outside the region. Most countries outside Europe
tend to source globally, with value added from countries outside the region accounting
for more than half of the overall VS.

If one wishes to test theories about determinants of offshoring and outsourcing,

such information can be very useful.

Table L1 WIOD Country and Region

Label Country Region Label Country Region
AUS Australia Asia-Pacific IRL Ireland Europe
AUT Austria Europe ITA Italy Europe
BEL Belgium Europe JPN Japan Asia-Pacific
BGR Bulgaria Europe KOR South Korea Asia-Pacific
BRA Brazil American LTU Lithuania Europe
CAN Canada American LUX Luxembourg Europe
CHN China Asia-Pacific LVA Latvia Europe
CYP Cyprus Europe MEX Mexico American
CZE Czech Republic Europe MLT Malta Europe
DEU Germany Europe NLD Netherlands Europe
DNK Denmark Europe POL Poland Europe
ESP Spain Europe PRT Portugal Europe
EST Estonia Europe ROM Romania Europe

FIN Finland Europe RUS Russia Europe
FRA France Europe SVK Slovak Republic Europe
GBR United Kingdom Europe SVN Slovenia Europe
GRC Greece Europe SWE Sweden Europe
HUN Hungary Europe TUR Turkey Europe

IDN Indonesia Asia-Pacific TWN Taiwan Asia-Pacific
IND India Asia-Pacific USA United States American
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Table L2: Patterns of International Production Sharing by Sector

VS share in Numbers of countries in each type of
gross exports production sharing arrangements in
2011

Sharing Sharing

c15: Transport Equipment 26.8 334 0 23 17

¢13: Machinery 26.0 28.6 0 23 17

¢09: Chemical Products 24.2 26.9 0 25 15

¢25: Air Transport 21.0 255 0 19 21

c24: Water Transport 22.3 23.6 0 22 18

c07: Paper and Printing 211 224 0 30 10

c06: Wood Products 175 19.7 0 33 7

¢18: Construction 16.5 17.9 2 25 13

c17: Electricity, Gas and Water 13.7 15.4 2 25 13

c26: Other Transport 13.2 15.1 3 23 14

¢19: Sale of Vehicles and Fuel 11.4 13.3 7 23 10

c02: Mining 11.9 125 7 28 5

¢20: Wholesale Trade 104 11.7 6 22 12

¢33: Health and Social Work 9.9 11.6 6 29 5

¢28: Financial Intermediation 8.0 9.9 14 17 9

¢31: Public Admin 8.2 8.9 5 25 10

¢32: Education 4.8 49 23 16 1

Note: VS is sourced from manufacturing and services sector only. National sharing defined as VS
<10%; Regional sharing defined as VS > 5%, regional VS > 60% of total VS; Global sharing defined

as VS >5%, regional VS<60% of total VS.
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Table L3: Production Sharing Patterns in the Transport Equipment Sector
(WIOD 15) for Selected Countries in 2011

Extra
Gross Top 3 Destinations and its | VS Region . .
Country -regional | Top 3 Suppliers of FVA
O exports Share @ | %of@) @
% of (4 b0
@ ) @)
©) (6)
FRA(13.1),USA(9.0) FRA(8.9),CHN(8.2),
Germany | 312,488 31.08 62.80 37.20
CHN(8.9) ITA(7.8)
CAN(24.8),MEX(11.5) CHN(16.9),CAN(12.6),
USA 198,891 23.73 25.70 74.30
CHN(7.4) JPN(11.3),MEX(11.1)
USA(23.6),CHN(11.1) CHN(25.0),USA(13.3)
Japan 178,412 11.00 44.72 55.28
RUS(8.4) KOR(9.0)
DEU(20.4)ESP(8.7) DEU(27.3),USA(9.6)
France 127,659 36.78 65.79 34.21
GBR(5.9) ITA(7.0)
USA(12.0),RUS(9.4) CHN(22.2), JPN(19.5)
Korea 121,150 24.63 50.01 49.99
DEU(7.9) USA(12.4)
USA(12.4), DEU(8.4) JPN(17.9), USA(13.1)
China 96,956 16.68 36.52 63.48
RUS(5.5) DEU(11.8)
DEU(16.6), USA(9.4) DEU(18.8),USA(15.1)
UK 84,809 33.83 56.15 43.85
FRA(7.2) CHN(7.3)
USA(79.7), MEX(2.8) USA(50.5),CHN(8.7)
Canada 75,047 31.51 57.091 42.09
DEU(1.9) JPN(6.6)
DEU(17.5), FRA(9.6)) DEU(19.6),CHN(8.7)
Italy 50,463 26.38 62.03 37.97
GBR(7.5) FRA(7.9)
DEU(25.8), ITA(12.2) DEU(28.4),ITA(8.6)
Poland 34,410 42.60 70.85 29.15
GBR(7.8) CHN(6.8)
DEU(31.5), RUS(8.6) DEU(29.6),POL(6.5)
Czech 28,520 49.18 72.52 27.48
FRA(7.3) CHN(6.4)
USA(8.2), MEX(5.3) USA(18.4), CHN(11.2)
Brazil 24,792 17.01 22.91 77.09
CHN(4.6) DEU(10.1)
GBR(10.8), USA(6.6) CHN(18.9),USA(12.1)
India 21,383 15.52 32.73 67.27
DEU(3.8) DEU(6.7)
POL(3.2), DEU(2.5) DEU(18.1), JPN(16.0)
Russia 2,551 30.76 50.07 49.93
FRA(0.9) CHN(9.3)

Note: Regional division is defined in“WIOD Country and Region”table in the appendix. VS is
sourced from manufacturing and services sector only.
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Table L4 WIOD Sectors

Code NACE | Industry Description
Cco1 AtB Agriculture Agriculture, Hunting, Forestry and Fishing
Co02 C Mining Mining and Quarrying
Co03 15t16 | Food Food, Beverages and Tobacco
Co04 17t18 | TextilesProducts Textiles and Textile Products
CO05 19 Leather and Footwear Leather, Leather and Footwear
C06 20 WoodProducts Wood and Products of Wood and Cork
Cco7 21t22 | Paper and Printing Pulp, Paper, Paper, Printing and Publishing
Co08 23 Refined Petroleum Coke, Refined Petroleum and Nuclear Fuel
C09 24 Chemical Products Chemicals and Chemical Products
Cc10 25 Rubber and Plastics Rubber and Plastics
C11 26 Other Non-Metal Other Non-Metallic Mineral
C12 27t28 | Basic Metals Basic Metals and Fabricated Metal
C13 29 Machinery Machinery, Nec
Cl4 30t33 | Electrical Equipment Electrical and Optical Equipment
C15 34t35 | Transport Equipment Transport Equipment
C16 36t37 | Recycling Manufacturing, Nec; Recycling
C17 E Electricity, Gas and Electricity, Gas and Water Supply
Water
C18 F Construction Construction
c19 50 Sale of Vehicles Sale, Maintenance and Repair of Motor Vehicles and
andFuel Motorcycles; Retail Sale of Fuel
20 51 Wholesale Trade Wholesale Trade and Commission Trade, Except of Motor
Vehicles and Motorcycles
o1 - Retail Trade Retail Trade, Except of Motor Vehicles and Motorcycles;
Repair of Household Goods
C22 H Hotels and Restaurants Hotels and Restaurants
Cc23 60 Inland Transport Inland Transport
C24 61 Water Transport Water Transport
C25 62 Air Transport Air Transport
26 63 Other Transport Other Supporting and Auxiliary Transport Activities;
Activities of Travel Agencies
Cc27 64 Postand Post and Telecommunications
Telecommunications
C28 J Financial Intermediation | Financial Intermediation
C29 70 Real Estate Real Estate Activities
C30 71t74 | Business Activities Renting of M&Eq and Other Business Activities
Cc31 L Public Admin Public Admin and Defense; Compulsory Social Security
C32 M Education Education
C33 N Health and Social Work | Health and Social Work
C34 (@] OtherServices Other Community, Social and Personal Services
C35 P Private Households Private Households with Employed Persons
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Appendix M Some Additional graphics

Figure M1la: Structure of US Transport EquipmentExports Decomposition
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Figure M1b: Structure of Mexico Electrical and Optical Equipment Exports Decomposition
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Note: Corresponding to Tables4a and 4b in the main text.
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Figure M2a: VS Share by source in US transport equipment exports(Unit %)
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Figure M2b: VS share by source in Mexico’s electronics exports (Unit %)

40.00
35.00
30.00
25.00
20.00
15.00
10.00

5.00

0.00

=4—USA

=#-=CHN

=te=ROW

=>¢=JPN

==KOR

Note: Corresponding to Tables5a and 5b in the main text.
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Figure M2c: VS Share by source in DEU transport equipment exports (Unit %0)
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Figure M3: Structure of Germany Business ServicesExports Decomposition and VAX ratio
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Note: Corresponding to Tables8 in the main text.

Figure M4 plot the three different types of trade balance measures for China-Japan
bilateral trade in rubber and plastics in gross exports, VAX_F, and VAX_ B,
respectively, similar to figure 2 in the main text on China-US bilateral trade in
electrical and optical equipment: As we can see, due to the vast differences in the
structure of value added in exports by the two countries, the trade balance looks

different, often with a sign switch, as we move from one measure to the other.
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Figure M4: China and Japan Bilateral trade balance in Rubber and Plastics
Unit: millions USD
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Appendix N: Notations and Important Decomposition Relations
1. At the country aggregate level

(1) E° = DVA® + FVA® + RDV® + PDC®

(2) DVA* =VAX _F*®=VAX _B°®
2. At the country-sector level
(3) E; =DVA] + FVA] +RDV; +PDC;

(4) DVA} =VAX _B;] #VAX _F;

(5) GDPIinE] =VAX _F; +RDV _F} # DVA! +RDV;
3. At the bilateral aggregate level
(6) E* =DVA* + FVA* + RDV* + PDC*'

(7) DVA™ #VAX _B* =VAX _F*
4. At the bilateral-sector level
(8) EJ.sr =DV jsr +FV J.Sr + RDVJ.Sr + PDCJ?r

(9) DVAT #VAX _B" #VAX _F"

Where E° is Country s’ gross exports. (time subscript is omitted for simplicity.);
ry s g p p
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DVA® is domestic value-added that is exported by Country s and ultimately absorbed

abroad; FVA® is foreign value-added in Country s’ exports; RDV® is returned
domestic value-added in Country s’ exports, or domestic value added that is initially
exported by Country s but eventually returned and is consumed at home; PDC® is

pure double counted component due to double counting of the previous terms in

Country s’ exports (or back-and-forth intermediate goods trade).

VAX _F°® is forward-linkages based value added exports, equaling the sum of
VAX _F} across all sectors; RDV _F; is forward-linkages based domestic
value-added that is first exported but finally returns and is consumed at home;
VAX B® is backward-linkages based value added in exports of Country s, equaling

sum of VAX _ Bf across all sectors.

Ef is total exports of sector j from Country s; DVA®, FVAJ?, RDVJ.S, and PDCJ?

are the four major components of sector j’s gross exports, backward-linkage based;
GDPInE; is GDP by industry in exports. This concept of value-added created by
production factors (labor, capital) employed in sector j of Country s and embed in the

sector’s gross exports, iS only concerned with where the value-added is created, but

not where it is absorbed,

VAX _F; is forward-linkages based value added exports of sector j from Country s,
which is sector j’s value added embedded in all sectors gross exports from Country s
(including indirect exports of sector j’s value added through gross exports of Country
s’ other sectors); VAX _B; is backward-linkage based value added exports of sector

j of Country s, which is value added from all sectors in Country s that is embedded in

its sector j’s gross exports.

5. Finer Decompositions:

(10) DVA" =DVA_Fin¥ + DVA_Int:" + DVA_ Intrex:"
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(11) VAX _F"=VAX _F _Fin{ +VAX _F _Int;" +VAX _F _Intrex}'

VAX _ FjSI’ — ivjs BSSY sr + iv]s BSI‘Y rr + iv]s BSI‘ iY rt

r#s r#s r#s t#s,r
Where VJ.S:[O eV e O]

(12) VAX _B}" =VAX _B_Fin}" +VAX _B_Int]" +VAX _B_ Intrex;’

VAX _ BJSI’ — iv S BSSYjSI’ + iv S BSI’Y]I’I’ 4 iv]s BSI’ inl’t

r#s r#s r#s t#s,r
(13) PDC?" =DDC!" +FDC;" =DDC_Fin + DDC_Int" + MDC?" + ODC?'

14 FVAT = FVA_Fin®" + FVA_Int"
= MVA_Fin® + MVA_Int¥ +OVA_Fin® +OVA_Int"

J
Where DVA_Fin{"is domestic value-added in final goods exports consumed by
direct importers; DVA_ Int}"is domestic value-added in intermediate goods exports

absorbed by direct importers; DVA_ Intrex;" is domestic value-added in intermediate

goods re-exported to third countries.

Similar to the three sub-components for VAX _F;* and VAX _B;", we have the
following sub-components: DDC]" is domestic value-added pure double counting in
production of exports; FDC]" is foreign value-added pure double counting in
production of exports; MVA" is foreign value-added sourced from the direct
importer; OVA[" is foreign value-added sourced from third countries; MDC;" is the

direct importer’s VA double counted in exports production; ODC}" is third countries’

VA double counted in exports production.

At the country aggreqgate level

DVA_Fin® =VAX B_Fin®=VAX _F_Fin®,

DVA_Int° =VAX B _Int* =VAX _F_Int°
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DVA _Intrex®* =VAX _B_ Intrex® =VAX _F _Intrex®
RDV _Fin®*=RDV_B_Fin*=RDV_F_Fin®
RDV _Int*=RDV _B_Int*=RDV _F _Int®

At the country-sector level

DVA _ Fin? =VAX _B_Fin? #VAX _F_Fin?,
DVA_Int: =VAX _B_Int} #VAX _F _Int}

DVA_ Intrex]; =VAX _B _ Intrex; =VAX _F _Intrex;
RDV_Fin? = RDV_B_FinJ? # RDV_F_Fin?

RDV _ Intf =RDV _B_ Int? #RDV _F _ Int?

At the bilateral-sector level

DVA_Fin® #VAX _B_Fin¥ #VAX _F _Fin"
DVA_Ints" #VAX _B_Int" =VAX _F _Int"

J

DVA_ Intrex]" = VAX _B_ Intrex;" #VAX _F _ Intrex}’
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Appendix O Decompose bilateral intermediate trade flows based on where it is finally absorbed — implementation into Computer code
Correctly decompose bilateral intermediate trade flows at sector level into major groups according to their destination of final absorption are

the key technical step to fully decompose gross bilateral trade flows, which transfer gross output (gross exports are part of it), usually as

endogenous variable in standard 10 models, to exogenous variables in our gross trade accounting framework. As discussed in the main text, we

decompose bilateral intermediate trade flows into following 8 groups, as specified in equation (35) of the main text.

0 ABoYas  AsBaYas  AuBuiYas
Group 1: A,B.Y, ApiByiY1y 0 ArsBasYss  ApBuaYus , 1term
’ AsiBiiYiy  AgBooYa 0 AsiBiaYas
LAuBiYis ABaoYe  AuBigYas 0
| 0 A (BysYas + BoYas)  As(BaoYoo +BasYas)  Au(BuoYo, + BusYss)
Group2: A,BY, t=r,s A1 (BysYas + ByyYa) 0 Aps(BayYis +B3Yas)  An(ByrYis + ByaYss) , 2 terms
’ As(BioYo, +BYa)  Agp(ByYin +BoYas) 0 Ass(ByyYo, + ByyYiy)
LA (BraYas + BpYp,)  Ap(BaaYss +ByY1)  Aus(BayYp, +BaYiy) 0
0 ABo(Yos +Y2u)  AgBaa(Yar +Y3,)  AuBL(Yer +Yi0)
Group3: AB.Y, t=rs AiByy(Yis + Y1) 0 ApiBas (Yo +Ya)  AyuByy(Yyy +Yis) . 2terms
’ v AuBu (Y2 + Y1) AuBy(Yar +Y2) 0 AsuBiy (Yoo +Y4y)
L AuBL(Yis +Y12)  ApBap(Yos +Y21)  AugBas(Ys +Y5) 0

Group 4: AB.Y, t=#rs u=#ts
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0 AL[B3(Ya, +Yas) +
AolBia(Yay +Ys4) + Biy (Yo +Ys5)] 0
Ag[Bo (Yo +Y50) + Bia(Yar +Y50)] Al By (Yo, +Yi) +
AulBs(Ya +Y35,) + By (Yo +Y55)]  AplBys(Ys, +Ya0) +

0 A,Bo,Y o
Ay1Bi1Y1, 0
AyiBiiYis  ApByoYys
_A41811Y14 ABaoY2s

0
Ay (BrsYa, + By,Y,,)
As1(Br,Y o + BiyYss)
_A41(812Y24 +By3Yss)

O A12 BZlYll
AZlBZLZYZZ 0
ASlBISYSS A32 BZSYSS
_A4lBl4Y44 A42 BZ4Y44
[ 0
AZIBlz (Y23 + Y21 + Y24)

ASlBl3(Y32 +Y31 +Y34)
_A4lBl4 (Y43 +Y41 +Y42)

Group 5: A,B,Y,
t#r,s

Group 6: A, B.Y,

Group 7: A,B.Y

Is " ss
’

Group8: AB.Y, t#s

The total ABY terms can be computed asG xG =

Bou(Yao +Yaa)]  AalBay(Yas +Yo,) + Boy(Yar +Y43)]  ALlBi(Yos +Y5,) + Bya(Yay +Y3,)]
Ap[Byy (Y3 +Yi) + By (Yas +Y,)]  AulBy(Yis +Yig) + Byg(Yay +Y5,)] 4 terms

BZ4(Y42 +Y41)] O %4[842 (Y21 +Y24) + B43(Y32 +Y34)]
BZl(YlZ +Y13)] A43[832 (Y23 +Y21) + BSl(YIS +Y12)] 0
AisBssYs  ALBLY,
Az3BssY32 AuBLY 4, . 1 term
0 As4 B44Y43
A3B3sYs, 0
A12(823Y31 + Bz4Y41) A13(832Y21 + BS4Y41) A14(B42Y21 + B43Y31)
0 A23(831Y12 + Bs4Y4z) A24(841Y12 + BA3Y32) 2 terms
A32(821Y13 + Bz4Y43) 0 Aa4(B42Y23 + 841Y13)
A42(823Y34 + leY14) A43(B3,2Y24 + B31Y14) 0
AsBy Y ALBLY,
AszszYzz A,,B,,Y,, . 1terms
0 A34 B43Y33
A3B3Ya, 0
A;B, (Yo, +Yi5 +Y14) AlSBSI(YlZ +Yi, +Y14) A14B41(le +Yis +Y14)
0 Aszsz (st +Yy +Y24) A,Bs, (st +Y,, +Y24) 3 terms
Asz st (Ysz +Y31 +Y34) 0 A34B43(Y32 +Y31 +Y34)
A;,By (Y43 +Yq + Y42) A;3Bs, (Y43 +Yy Y42) 0

1+(G-2)+(G-2)+(G-2)*(G-2)+1+(G-2)+1+(G-1); in 4 country case, there are
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total 16 ABY terms.

Gross intermediate exports can be expressed as AX matrix and the sum of the 8 ABY groups exactly equal AX:

0 ALX, AgXy ALX,
_ Ay Xy 0 A Xy AuX,
A Xy AyX, 0 A Xy |’
AuXy ApX, ApX, 0

Asr X r— Asl’ ZG B” ZSYIK - AS" ZG Brth* and Yt* =Z(k3Ytk

Gross intermediate exports AX can first be decomposed according to where they are used to produce final good as three major groups:
(1) Used in the direct importing Country r; (2) re-exported by Country r and used in third countries; (3) return to the exporting Country s and

used there.
AX, =A D BY.=ABY.+A > BY.+ABY,
Gross output can also be decomposed in similar way:
X, =Y BYe=BY.+Y  BY.+B.)Y

rs’ s*

Each of the three groups can be further decomposed according to where these final goods are consumed:

(1) Intermediate exports from Country s used to produce final goods in Country r can be further decomposed into three groups:
G G
A%r BrrYr* = A%r Brr Zk Yrk = A%r BI’I’Y[T + &r BH’ Z¢5YrYrt + A%r BrrYrs
Corresponding gross output can also be decomposed in similar way:

G G
B Y = Brr kYrk = BrrYrr + Brrz‘;,tS’rYrt + B Y

ror* rr-rs
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A,B,Y, is Group 1, A%rBrthiS'rYrt is Group 3, A, B,,Yis Group 5

The detailed computer implementation is given below:

Group 1: A,B,Y, s#r Country s’ intermediate goods exports used by partner Country r to produce its domestically consumed final goods

Step 1:
0 BZZ B33 B44 Yll o 0 0 O BZZYZZ B33Y33 B44Y44
Bll O BS3 844 O Y22 0 0 — Bl 1Y11 O BB3Y33 BA4Y44
Bll BZZ O B44 0 O Y33 0 Bl 1Y11 BZZYZZ O B44Y44
Bll BZZ BSS 0 O O O Y44 Bl 1Y11 BZZYZZ BB3Y33 O
Step 2
0 A12 A13 A14 O BZZYZZ B33Y33 B44Y44 0 A12 BZZYZZ A:LS BSSY33 A14B44Y44
A21 0 A23 A24 BllYll O B33Y33 B44Y44 — AZlBllYll 0 A23B33Y33 A24 B44Y44 \
ASl A32 o A34 BllYll BZZYZZ 0 B44Y44 ASlBllYll ASZBZZYZZ 0 A34 B44Y44
A41 A42 A43 0 BllYll BZZYZZ BB3Y33 0 A41BllYll A42822Y22 A43BS3Y33 O
Or in one step
O A12 A13 A14 Yll 0 O 0 Bll O o O 0 A12822Y22 AISBBSYSS A14 B44Y44
AZl O A23 A24 O Y22 O 0 0 BZZ O O — AZlBllYll 0 A23B33Y33 A24844Y44
A31 A32 0 A34 O 0 Y33 O 0 O B33 O ASlBllYll A32822Y22 O A34 B44Y44
A4l A42 A43 O O 0 O Y44 0 O O B44 A4lBllYll A42 BZZYZZ A43B33Y33 O
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Group 3: A,B, Y, t#r,5 Country s’ intermediate exports used by partner Country r, to produce intermediate good that is exported to third

Countries (t) for production of final goods consumed in t.

Step 1:

I 0 Y12 Y13 Yl4 0 Y12 +Y13 +Y14 Y12 +Y13 +Yl4
Y21 0 Y23 Y24 YZl +Y23 +Y24 0 Y21 +Y23 +Y24
Y3l Y32 0 Y34 Y31 +Y32 +Y34 Y31 +Y32 + Y34 O

_Y41 Y42 Y43 O Y4l +Y42 +Y43 Y4l +Y42 +Y43 Y41 +Y42 +Y43

Step2:
B, 0 0 0 0 Yo+Yy Y, +Yu Y, +Y.
0O B, O 0 |Y,+Y,, 0 Yo +Y,, Y, +Y,
0 0 By; 0 ||Yp+Yy Yy +Yay, 0 Yo, + Vs,
L 0 0 0 By Yao+Yas Yar+Yi Yiu+Ye 0
Step 3:
.
O Bll(Yl3 + Y14) Bll(YlZ + Y14) Bll(YlS + Y12)
BZZ (Y23 +Y24) 0 BZZ(YZl +Y24) BZZ (Y23 +Y21)
BS3(Y32 +Y34) 833(Y31 +Y34) 0 BSS(YSZ +Y31)
B44 (Y42 +Y43) B44 (Y41 +Y43) B44 (Y42 +Y41) 0

Step 4:

Bll(Y13 +Y12) BZZ(YZS +Y21) BBB(YBZ +Y31)

A68

Y12 + Y13 + Yl4 0 Y12 Y13 Yl4 0 Y13 + Yl4
Y21 +Y23 +Y24 _ YZl 0 Y23 Y24 Y23 +Y24 0
Y31 +Y32 +Y34 Y31 Y32 0 Y34 Y32 +Y34 Y31 +Y34
0 Y4l Y42 Y43 0 Y42 + Y43 Y41 + Y43
0 Bll(Y13 + Yl4) Bll(YlZ + Yl4) Bll(Y13 + Y12)
— BZZ (Y23 +Y24) 0 BZZ (Y21 +Y24) BZZ (Y23 +Y21)
B33(Y32 +Y34) B33(Y3l +Y34) 0 B33(Y32 +Y3l)
B44 (Y42 +Y43) BA4 (Y41 +Y43) B44 Y42 +Y41) 0
0 B22 (Y23 +Y24) 833 (Y32 +Y34) B44 (Y42 +Y43)
— Bll(Y13 +Y14) 0 B33(Y31 +Y34) B44 (Y4l +Y43)
Bll(YIZ +Yl4) BZZ (Y21 +Y24) 0 B44 (Y42 +Y41)

0

Yo+ Yy
Yor+Yo
0
Yo+ Yo

Yio + Y15

Yo+ Y3

Yo+ Y,
0



0 A, As Ay 0
Ay 0 Ay Ayl Bru(Yis+Yy)
Ay Ay 00 Ayl | By(Y, +Yy)
Ay Ap As 0 By (Y15 + Y1)
0 ApBy (Yos +Y2)
_ AyiByi (Yis +Yy,) 0

B AﬁlBll(Y12 + Y14) ASZBZZ (Y21 +Y24)
A4lBll(Y13 + Y12) A42822 (Y23 +Y21)

Group 5: A,B, Y., s#r Country s’ intermediate goods exports used by partner Country r to produce final goods exports that are shipped

back to the source Country s.

Stepl:
B, 0 0 OO0 Y, Y,
0 B, 0 0 |Y,, 0 Y,
0 0 By O (Y, Yy, O
0 O O B44 Y41 Y42 Y43
Step 2:
.
O Bl lYl 2 Bl 1Yl 3 Bl lYl 4
BZZYZI 0 BZZY23 BZZYZA
BB3Y31 B33Y32 O BS3Y34
B44Y41 BA4Y42 B44Y43 0

Bzz (Yza + Y24) Bss (Ysz + Y34) 844 (Y42 + Y43)
B.s (Y31 + Y34) B., (Y41 + Y43)

0

BZZ (YZl +Y24)
BZZ (Y23 +Y21) BSS (Y32 +Y3l)

AlSBSS (Y32 +Y34) A14 B44 (Y42 +Y43)
A23 BSS (Y3l +Y34) A24 BA4 (Y41 +Y43)

A43 B33 (Y32 + Y31)

Yl 4

Yo,
Y34
0

0

— Bl 1Y1 2
Bl lYl3

Bl 1Y14

0

0
B.1Y1,
Bi1Y1s
S

B,Ya1
0
B2Y2s
B,Y2s

0

AyyByy (Yar +Y41)
0

ByYor  BasYas
0 BysYs,
B,,Yos 0
ByYos BasYss
BysYsr BuYa
BssYs2 BuiYa
0 BiaYas
BssYa4 0
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Biy (Y, +Y41)

0



Step 3:

0 Al2 Ai3 A‘i4 O BZZYZl B33Y31 B44Y41 0 A12 BZZYZl Ai3833Y31 A14 B44Y4l
AZl O A23 A24 # BllY12 0 B33Y32 B44Y42 — AZlBllY12 0 AZSBB3Y32 A24 B44Y42
A31 ASZ O A34 BllY13 BZZY23 O B44Y43 A3lBllY13 A32 BZZYZS O A34 B44Y43
A41 A42 A43 0 BllYlA BZZY24 B33Y34 0 A41BllY14 A42 BZZYZA A43B33Y34 0

(2) Intermediate exports of Country s used to produce final goods in third countries (t) also can be further decomposed into three

groups

Ag Z#rs B”Yt* - Z#rs rtz Ytk - Ag Ztﬂs rtY + Angir,s B” Zuis,t + Ag ZI¢ rs It ts

Corresponding gross output can also be decomposed in similar way:

Zl::rsB”Yt*:Zt#rs rtz Ytk _Ztﬂs rtY +Zt rs nZu;est Zt rs rt 15

Group 2: A,B,Y, t=#r,s, Country s’ intermediate exports used by partner Country r, to produce intermediate good that is exported to third

Countries (t) for production of final goods consumed in t, including all the G-2 countries that are not the two direct trading partners.

Step 1:

0 BlZ BlS Bl4 0 Yll Yll Yll BlZYZZ + Bl3Y33 + Bl4Y44 Bl3Y33 + Bl4Y44 BlZYZZ + Bl4Y44 BlZYZZ + BlSY33
BZl O BZS BZ4 Y22 O Y22 Y22 — BZ3Y33 + BZ4Y44 BZlYll + BZ3Y33 + BZ4Y44 BZlYll + BZ4Y44 BZlYll + BZ3Y33
BSl B32 0 B34 Y33 Y33 0 Y33 B32Y22 + BS4Y44 BBlYll + B34Y44 B31Yll + BSZYZZ + B34Y44 BSlYll + B32Y22
B41 BAZ BAB 0 Y44 Y44 Y44 0 B42Y22 + B43Y33 B41Y11 + BA3Y33 B41Y11 + BAZYZZ B41Y11 + BAZYZZ + BASY33
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Step2:

Make all diagonal elements to 0 and transpose

0 BZBYSS + BZ4Y44 B32Y22 + BS4Y44 B42Y22 + B43Y33
BlSY33 + BlAY44 O B31Yll + B34Y44 BAlYll + B43Y33
BlZYZZ + Bl4Y44 B21Y11 + BZAY44 0 B41Y11 + B42Y22
BlZYZZ + BlSY33 BZlYll + BZSY33 B31Yll + B32Y22 0
Step 3:

O A12 AiS A14 O BZSY33 + BZ4Y44 BSZYZZ + B34Y44 B42Y22 + B43Y33
AZl O A23 A24 # BlSY33 + Bl4Y44 0 B31Yll + B34Y44 B41Y11 + B43Y33
A?.l A32 0 A34 BlZY22 + Bl4Y44 BZlYll + BZAY44 0 BAlYll + B42Y22
A4l A42 A43 O BlZYZZ + Bl3Y33 BZlYll + BZSY33 B31Yll + B32Y22 0

O A12(823Y33 + BZ4Y44) Ai3(B32Y22 + B34Y44) A14(B42Y22 + B43Y33)

— AQl(BlSY33 + Bl4Y44) 0 AQS(BSlYll + B34Y44) AZA(B41Y11 + B43Y33)

ASl(BlZYZZ + Bl4Y44) ABZ(BZlYll + BZ4Y44) 0 A34(B41Y11 + B42Y22)
AAl(BlZYZZ + BlSY33) A42(821Y11 + BZSY33) A43(BSlYll + B32Y22) O

Group 4: A/B,Y, t#r,s u#ts Country s’ intermediate exports used by partner Country r, to produce intermediate exports to the third

Countries(t) for production of final exports to countries other than Country t and the source Country s.

Step 1:
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0 Y12 Y13 Yl4 0 Y12 +Y13 +Y14 Y12 +Y13 +Yl4 Y12 +Y13 +Yl4 0 Y12 Y13 Yl4 0 Y13 +Yl4 Y12 +Yl4 Y12 +Y13

Y21 0 Y23 Y24 . YZl +Y23 +Y24 O Y21 +Y23 +Y24 Y21 +Y23 +Y24 _ YZl O Y23 Y24 — Y23 +Y24 O Y21 +Y24 Y21 +Y23

Y31 Y32 0 Y34 Y31 +Y32 +Y34 Y31 +Y32 +Y34 O Y31 +Y32 +Y34 Y31 Y32 O Y34 Y32 +Y34 Y31 +Y34 0 Y31 +Y32

Y41 Y42 Y43 0 Y41 +Y42 +Y43 Y41 +Y42 +Y43 Y41 +Y42 +Y43 0 Y41 Y42 Y43 0 Y42 +Y43 Y41 +Y43 Y41 +Y42 0
Step2:

0 B, Bs; By 0 Yis+ Y Yo +Yy, Y+Yj
By 0 By By Yu+Yy 0 Yo+ Yo Yo +Yo
By By, 0 By |Ye+Yy YotV 0 Y3+ Y5,
By By Bis O [[Ya+Ya Ya+Yy Yu+Y, 0

and make the diagonal elements of the resulted matrix to O, then transpose

Step 3:
0 Bia(Yar +Y32) + Bla(Yar +Ys3)  Bio(Yo +Y5) + By (Yar +Y4,)  Bio(Yoy +Yp5) + Big(Yay +Y3y) !
By (Yar +VY34) + Bou (Y, +Ys3) 0 Boi (Yoo +Y1a) + By (Yar +Y45)  Boy(Yip + Vi) + By (Y, +Y3,)
Bao(Yos +Y2u) + Bou(Yar +Ys3)  Byy(Yig +Y14) + Bay (Y, +Yy5) 0 B31 (Yin + Yia) + By (Yo, +Y3)
Buo(Yaos +Y2u) + Bug (Yo, +Y5,)  Bai(Yiz +Y1s) + Bia(Yay +Y50)  Bu(Yio + Y1) + By (Yo +Y5) 0
0 Boa(Yar +VY32) + Bou (Yoo +Ya3) By (Yoz +Y50) + Bay (Yoo +Y43)  Bya(Yos +Y5,) + Bya(Ys, +Ys3,)
Bia(Yar +VYa4) + By (Yo +Ys3) 0 Bar(Yis +Y1a) + Boy (Yar +Ya3)  Buy(Yis +Yis) + Byg (Y, +Ysy)
| B (Yar +Y20) + By (Yay +Yag)  Boy(Yop +Yy) + By (Yay +Yap) 0 Bai(Yiz + Y1) + Bya(Yor +Y20)
Biy(Yaor +Y23) + Bia(Yay +Y3,)  Boy(Yip +Yi3) + Boa(Yay +Ys,)  Bay (Yoo +Yi5) + Byy (Yo +Yy5) 0
Step 4:
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0 A, A; Ay 0 Bos(Yay +Y34) + By (Yay +Ya3)  Bap(Yas +Y50) + By (Yoo +Ya3) By (Yos +Y5,) + Bys(Ya, +Ya,)

Ay 0 A Ay ” Bia(Yar +Yas) + By (Yay +Y,3) 0 Bai (Yiz +Yis) + Bag (Yar +Y,3)  Bya(Yis +Yi,) + Bya(Ya, +Ys3,)
Ay A 0 Ay Bio(Yor +Y2u) + Buu(Yar +Ya2)  Bou(Yio +Y14) + Byy (Yay +Yy5) 0 By (Yo +Y14) + Bin (Yo +Y2,)
An A A; O Bio(Yor +Y53) + Bia(Yar +Y35)  Byy(Yin +Yi5) + Bya(Yar +Y50)  Byy(Yin +VYi5) + Bay (Yo +Yy) 0
0 AlBoa(Yar +Yau) + By (Yoo +Y3)l AialBaa (Yas +Y20) + Bay (Yoo +Y43)]1  ALIB (Yas +Y00) + By (Yar +Y3,)]
_ Asi[Bis(Yay +Yay) + By (Yo +Y45)] 0 AsslBai (Yo +Y14) + Byg (Yo +Ya3)]  ApulByi(Yis +Yi4) + By (Yay +Ya4)]
Agi[Bo (Yo +Y50) + By (Yar +Y40)]  AglBoy (Yo, + Y1) + Boy (Yay +Y,,)] 0 Agy[Byy (Y, +Y14) + Byn (Yo +Y2,)]
AulBo (Yo +Y55) + Bia(Yar +Ya)l  AplBoy(Yin +Yi3) + Bos(Yay +Y3,)] Al Bai (Yo, +Yi5) + Byy (Yo +Y25)] 0

Group 6: AB.Y, t=#r,S, Country s’ intermediate exports used by partner Country r to produce intermediate exports to the third Countries t

for its production of final exports that return back to the source Country s.

Step 1

2o 0 Y3 Yo | and make the diagonal elements of the resulted matrix to 0, then transpose

Step 2
.
0 BlSYSZ + Bl4Y42 BlZY23 + BlAY43 BlZY24 + BlSY34 0 BZSY31 + BZ4Y41 BSZYZl + BS4Y41 B42Y21 + B43Y31
BZ3Y31 + BZ4Y41 O BZlY13 + BZ4Y43 BZlYl4 + BZBY34 — B13Y32 + Bl4Y42 O B31Y12 + BS4Y42 B41Y12 + BASYSZ
B32Y21 + B34Y41 B31Y12 + B34Y42 0 BC:llY14 + B32Y24 BlZYZS + B14Y43 B21Y13 + BZ4Y43 0 B41Y13 + B42Y23
B42Y21 + B43Y31 B41Y12 + B43Y32 B41Y13 + B42Y23 0 B12Y24 + Bl3Y34 BZlY14 + BZ3Y34 BSlY14 + B32Y24 O
Step 3:
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0 A12 A13 Al4 0 BZSY31 + BZ4Y41 BBZY21 + BE4Y41 B42Y21 + B43Y31

AQl 0 A23 A24 # BlSYSZ + Bl4Y42 0 BSlYlZ + B34Y42 B41Y12 + B43Y32
ASl A32 0 A34 BlZY23 + Bl4Y43 BZlY13 + BZ4Y43 0 B41Y13 + B42Y23
A4l A42 A43 0 BlZY24 + BlSYSA BZlY14 + BZ3Y34 BSlY14 + BSZY24 0
0 A12(BZSY31 + BZ4Y41) A13(BSZY21 + B34Y41) A14(B42Y21 + B43Y31)
— AZI(BIBYSZ + Bl4Y42) 0 A23(831Y12 + BS4Y42) A24(B41Y12 + B43Y32)
A31(812Y23 + Bl4Y43) A32(BZlY13 + BZAYAS) 0 ASA(B42Y23 + B41Y13)
A4l(BlZY24 + BlSY34) A42(BZ3Y34 + BZlY14) A43(BSZY24 + B31Y14) 0

(3) Intermediate exports of Country s that return home and used to produce final goods in Country s can be further decomposed

into two groups

A%r Brs s* Asr Brs Zk sk T A%r Brs ss + '%r BrsZ s st
Corresponding gross output can be decomposed in a similar way

- Brs + Brs

rs s* K sk rs ss 5 st

Group 7: A,B.Y, s They are part of Country s’ intermediate goods exports used by partner Country r to produce intermediate exports that

shipped back to Country s and used by Country s to produce final goods consumed at home.

Step 1:
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O BlZ Bl3
BZl O BZS
BSl B32 O
B4l B42 B43
Step 2:

I O BlZY22
BZlYll O
B31Yll BSZYZZ
_841Y11 BAZYZZ
Step 3:

0 A, A
Ay 0 Ay
Ay Ay O
_A41 A42 A43

Group 8: AB.Y, t#s Country s’ intermediate goods exports used by importing Country r to produce intermediate goods exports that are

Bl4 Yll O 0 0 O BZlYll BBlYll
BZ4 0 Y22 0 0 BlZY22 0 B32Y22
B34 O O Y33 0 Bl3Y33 BZ3Y33 0
O O O 0 Y44 Bl4Y44 BZ4Y44 BS4Y44
BlSYSS BlAY44 ! 0 BZlYll B31Yll B41Yll
BZSY33 BZ4Y44 — BlZYZZ 0 B32Y22 B42Y22
0 B34Y44 BlSY33 BZSY33 0 B43Y33
B43Y33 0 BlAY44 BZ4Y44 B34Y44 0
A14 O BZlYll BSlYll B41Y11 O
A24 # BlZYZZ 0 B32Y22 B42Y22 _ AZlBlZYZZ
A34 BlBYBS BZSYSB O B43Y33 ASlBlSYSI'}
O Bl4Y44 BZ4Y44 BS4Y44 0 A4lBl4Y44

BiY1s

B,2Y2

BsYas
0

A12 B21Y11
0
AsszsYas
A42 Bz4Y44

A13 B31Yll
A23 B32Y22
0
A43 B34Y44

shipped back to Country s to produce its final goods exports that are consumed abroad.

Step 1:
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ABy Y1

AziBiaY2

AyuBsYas
0



Yo, +Y,+Y, 0

0 0
Yo + Y, +Y,, 0 0
0 Yo + Y + Y3, 0

0 0 Yo + Y0 + Y4

BlZ (Y23 + Y21 + Y24) Bl3(Y32 + Y31 + Y34) Bl4 (Y43 + Y41 + Y42)

_ By (Yo + VY15 +Yi14) 0 Bos(Yao +Ya +Y5) Byy(Ys +Y, +Y,,)
le(le + Y13 + Y14) B32 (Y23 + Y21 + Y24) 0 B34 (Y43 + Y41 + Y42)
By (Yo +Yia +Y1,) Bua(Yos +Y, +Y5,) Bug(Ya, + Y +Y5,) 0
Step 2
0 BlZ (Y23 +Y21 +Y24) Bl3(Y32 +Y31 +Y34) Bl4 (Y43 +Y4l +Y42) ! 0 BZI(Y].Z +Yl3 +Y14) B31(Y12 +Yl3 +Y14) B41(Y12 +Y13 +Y14)
BZI(YIZ +Y13 +Yl4) 823(Y32 +Y31 +Y34) BZ4 (Y43 +Y41 +Y42) BlZ (Y23 +Y21 +Y24) o 832 (Y23 +Y21 +Y24) B42 (Y23 +Y21 +Y24)
B31(Y12 +Y13 +Y14) B32 (Y23 +Y21 +Y24) O B34 (Y43 +Y41 +Y42) B Bl3(Y32 +Y31 +Y34) BZ3(Y32 +Y31 +Y34) 0 B43(Y32 +Y31 +Y34)
B41 le +Y13 +Yl4) B42 (Y23 +Y21 +Y24) B43(Y32 +Y31 +Y34) O Bl4 (Y43 +Y41 +Y42) BZ4 Y43 +Y41 +Y42) BS4 Y43 +Y41 +Y42) o
Step 3:
0 A, A, 0 Boi(Yio + Vi + Y1) BV +Yis+Yy,) By (Y, +Yi3+Yy,)
Ay, 0 Ay Biy(Yaos + Y0 +Yy) 0 Bay (Yos + Yo +Y50) Bup(Yos +Y, +Yy,)
Ay A, O Bis(Ys, + Y3y +Yg,)  Bog(Ya, + Yy +Y3,) 0 Bus(Yay +Yay +Yay)
An Ay Ag Bia(Yas + Va1 +Y55) By (Yas + Y4 +Y,0)  Bay(Yas + Y4 +Y,,) 0
0 ABy (Y Y13 +Y,)  AuBa (Y, + Y +Y,)  ALBy (Y +Yis+Yy,)
_ AyiB (Yo +Y5 +Y5,) 0 AysBay (Yos + Yo +Y5,)  AyBly(Yos + Y5 +Y5,)
A Bis (Yo, + Y5 +Y5,)  ApuBog(Ya, + Yy +Y3,) 0 As B3 (Yay + Y3y +Y3,)
AuBL(Yas +Ya +Y00)  ALBoy(Yas + Y4 +Y50)  AuBg(Yes +Y4 +Y,,) 0
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